Math. Proc. Camb. Phil. Soc. (2009), 146, 731 (© 2008 Cambridge Philosophical Society 731
doi:10.1017/S0305004108001977  Printed in the United Kingdom
First published online 17 November 2008

Ay, singlarities of wave fronts

BY KENTARO SAIJI

Department of Mathematics, Faculty of Educaton
Gifu University, Yanagido 1-1, Gifu 151-1193, Japan.
e-mail: ksaji@gifu-u.ac.jp

MASAAKI UMEHARAZ

Department of Mathematics, Graduate School of Science
Osaka University, Toyonaka, Osaka 560-0043, Japan.
e-mail: umehara@math.sci.osaka-u.ac.jp

AND KOTARO YAMADAS$

Faculty of Mathematics, Kyushu University
Fukuoka 812-8581, Japan.
e-mail: kotaro@math.kyushu-u.ac.jp

(Received 4 April 2008; revised 15 July 2008)

Abstract

In this paper, we discuss the recognition problem for A;-type singularities on wave fronts.
We give computable and simple criteria of these singularities, which will play a fundamental
role in generalizing the authors’ previous work “the geometry of fronts” for surfaces. The
crucial point to prove our criteria for Aj-singularities is to introduce a suitable parametriza-
tion of the singularities called the “kth KRSUY-coordinates” (see Section 3). Using them, we
can directly construct a versal unfolding for a given singularity. As an application, we prove
that a given nondegenerate singular point p on a real (resp. complex) hypersurface (as a wave
front) in R"™' (resp. C"*") is differentiably (resp. holomorphically) right-left equivalent to
the A, -type singular point if and only if the linear projection of the singular set around p
into a generic hyperplane R" (resp. C") is right-left equivalent to the Aj-type singular point
in R" (resp. C"). Moreover, we show that the restriction of a C*®-map f: R" — R" to its
Morin singular set gives a wave front consisting of only A;-type singularities. Furthermore,
we shall give a relationship between the normal curvature map and the zig-zag numbers (the
Maslov indices) of wave fronts.
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1. Introduction

Throughout this paper, we denote by K the real number field R or the complex number
field C. Let m and n be positive integers. A map f: K" — K" is called K-differentiable
if it is a C*°-map when K = R, and is a holomorphic map when K =C. Let (, ), be the
K -inner product given by

(X.Y)e=>x;y;  (X=@1....%), ¥ =(1.....3) € K").
j=1

Let P"(K) be the K-projective space and K" \ {0} > X — [X] € P"(K) the canon-
ical projection. By using the above K-inner product, the K-projective cotangent bundle
PT*K"" has the following identification

PT*Kn+1 — Kn+l X P”(K),
which has the canonical K-contact structure. Let U C K" be a domain and
L:=(f,[v]):U — K" x P"(K)

a Legendrian immersion, where v is a locally defined K -differentiable map into K"*' \ {0}
such that

(df (m),v), =0 (weTU).

In this situation, f is called a wave front or front, and v is called the K-normal vector
field of f.1f K=C, (v, v), might vanish. A point p € U is called a singular point if the
front f is not an immersion at p.

In this paper, we shall discuss the recognition problem for A, -type singularities on wave
fronts. These are fundamental singularities on wave fronts (see [2]). We give a simple and
computable necessary and sufficient condition that a given singular point p on a hypersur-
face (as a wave front) in K"*! is K-right-left equivalent to the A, -type singular point
(k<n; Theorem 2-4, Corollaries 2-5, 2-6 and 2-8 in Section 2), where two K -differentiable
map germs f;: (U;, p;) — (K", py) (j=1,2) are K-right-left equivalent if there exist
K-diffeomorphism germs v : (U, p;) — (U, p,) and W : (K"*!, pi) — (K™™', p}) such
that W o f; = f, o ¥ holds. Here, the A, -type singularity (or A;,-front singularity) is a
map germ defined by

k k
X — [ (k+ D2+ Z(j — Dt/ xj, —(k +2)iF+! — ijf*lx_,-, X, (1-1)
Jj=2 j=2
at the origin, where X = (¢, x5, ..., x,), X1 =(x2, ..., x,). The image of it coincides with
the discriminant set {F = F, =0} C (K"*'; uy, ..., u,) of the versal unfolding
F(t,ug, ... ) =t fut® + - 4 uyt + uy. (1-2)

By definition, A;-front singularities are regular points. A 3/2-cusp in a plane is an A,-front
singularity and a swallowtail in R is an As-front singularity.

When n =2, useful criteria for cuspidal edges and swallowtails are given in [7]. We shall
give a generalization of the criteria here. The crucial point to prove our criteria for Ay ;-
singularities is to introduce the “kth KRSUY-coordinates” as a generalization of the co-
ordinates for cuspidal edges and swallowtails in [7]. Using them, we can directly construct
a versal unfolding whose discriminant set coincides with the given singularity.
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As an application, when K = R, we show that the restriction of a C*-map f: R"*! —
R™! into its Morin singular set (see the appendix) gives a wave front consisting of only
Ajy1-type singularities (k < n). Moreover, in the final section, we shall give a relationship
between the normal curvature map and the zig-zag numbers (the Maslov indices) of wave
fronts.

2. Criteria for Ay, -front singularities

LetU C (K"; xy...,x,) beadomain and f: U — K"*! a front. Since we will work on
a local theory, we may assume that the K-normal vector field v of f is defined on U. We
define a K -differentiable function A on U as the determinant

Ai=det(f, ..., fi V), 2-1)

where f,, :=09f/dx; (j=1,2,...,n). Apoint p € U is 1-singular (or singular) if A(p) =0,
that is, p is a singular point. A point p is 1-nondegenerate (or non-degenerate) if p is 1-
singular and the exterior derivative dX does not vanish at p. The following assertion is
obvious:

’
n

LEMMA 2-1. The definition of 1-nondegeneracy is independent of the choice of local co-
ordinate system (xy, ..., x,) and the choice of a K-normal vector field v. Moreover, if p is
1-nondegenerate, the K-linear map df,: T,U — K " has a kernel of K -dimension exactly
one.

If p is 1-nondegenerate, the singular set of f(=: fy)
Si:=8(f)={geU; ig) =0}
is an embedded K -differentiable hypersurface of U near p. We denote by TS the K-
differentiable tangent bundle of K -differentiable manifold S;. Then
fii=fls, : S — K™

is a K-differentiable map. Since dimg ker(df,) =1, we can take a sufficiently small neigh-
bourhood V (C U) of p and non-zero K-differentiable vector field n on S; N V which
belongs to the kernel of df, that is df, (n,) =0 for ¢ € S; N V. We call n a null vector field
of f. Moreover, we can construct a K -differentiable vector field 77 on V (called an extended
null vector field) whose restriction 7|s,ny on the singular set S; NV gives a null vector field.

Remark 2-2. Since n € ker(df) on S;, we can write the components of 1 explicitly using
determinants of (n — 1)-submatrices of the Jacobian matrix of f. Then this explicit expres-
sion of n gives a K-differentiable vector field on a sufficiently small neighbourhood of a
singular point. Thus, we get an explicit procedure to construct 7. For example, let f be a

front f=(f", f% 3, f9): K> > K*suchthat f! f2 — f! f2 + 0. Then

1 pl 1 r1 1 pl
~ xy Jx3 x X3 X X
n=|det{ 7 "5 ), —det{" "5 ).det| "5 "7
X2 X3 X1 X3 X1 X2
1s an extended null vector field.

Let : U — K and f', f": U — K" be the derivatives dA(7}), df () and df’ (7)),
respectively. Then by definition, we have

Sy :={q €U f'(q) =0}, (2:2)
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where 0 = (0, ..., 0). The following assertion holds:

LEMMA 2-3. The singular set S, :=S(f1) of fi: S1 — K" has the following expres-
sions:

Ss={geSi;in elSit={geSi; V(g =0={geU; rq) =1(g =0}
={geS: ff@=0={qeU; fg=f"(q =0}

Proof. A point g € S; belongs to S, if and only if there exists & € T,.5,\{0} such that
dfi1(§) =0. Since dimg ker(df,) =1, the vector § must be proportional to n,. Thus we
get S ={q € Si;n, € T,S}. Since S, is a level set of A, n, € T,S; if and only
if di(n,) =A'(g) =0, which proves the first equation. By (2-2) and by n € T'S, on S,
the derivative f” =df’(n) of f' with respect to n vanishes on S,, that is S, C {g €

S1; f"(g) =0}. Next we suppose f"(q) =0 (g € S)). Since '’ =0 on S, by taking a new
coordinate system (zy, ..., z,) on U such that 9/9z, =71, we have

N(g) ={pdet(fy. ..., for s [0 (@) = @@ det(fyys ..o, fo s [/ 1) (@) =0,

where ¢ := det(dz;/0x;) is the Jacobian. Consequently g € S, holds, that is S, ={g €
Si5 f"(q) =0}

A 1-nondegenerate singular point p € S is called 2-singular if p € S,. Moreover, a
2-singular point p € S, is 2-nondegenerate if (d\'), + 0 on T,S,. In this case, S, is an
embedded hypersurface of S, around p if it is 2-nondegenerate.

Now, we define the j-singularity and the j-nondegeneracy inductively (2 < j < n): Firstly,
we give the following notations:

A=, A =0, A0 = an =@,
FO=f =g =,
where [ =1,2,3,.... We fix a (j — 1)-nondegenerate singular point p of f. Then the
(j — 1)-st singular set
Si—1:=8(fj-2)
is an embedded hypersurface of S;_, around p. (Here we replace U by a sufficiently small

neighbourhood of p at each induction step if necessary. In particular, we may assume
So:=U.) We set

fici= fls,, : 8- — K"
As in the proof of Lemma 2-3, by an inductive use of the identity

A (g) = (pdet(foy, o, foris [} V(@)
= @(q)det(fy, .- os foris fU0)(9),
S; = 8(fj-1) satisfies
Si=1{qgeSi_1;n,€T,S;-1}
={geSi1: WV g =0={geU; rMg)=---=2"""(g) =0}
={geSi1: fPP=0={qgeU; flig==fP=0,. (23)
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Each point of §; is called a j-singular point. A point g € §; is called j-nondegenerate if
(drY=D), = 0onT,S;_y, that is

T,S;1 & ker(dxY™"),. (2+4)

These definitions do not depend on the choice of a coordinate system (xg, ..., x,) of U.
Under these notations, a criterion for A, -front singularities is stated as follows:

THEOREM 2-4. Let f: (U, p) — (K", f(p)) be a front, where U is a domain in K".
Then f at p is K-right-left equivalent to the Ay -front singularity if and only if p is k-
nondegenerate but is not (k + 1)-singular (k <n).

Though k-singular points are defined only for k <n, we define any points are not
(n 4 1)-singular. This theorem is proved in Sections 3 and 4.

COROLLARY 2-5. Let f:U — K"*! be a front. Then f at p € U is K-right-left equi-
valent to the Ay -front singularity (1 <k <n) if and only if

A=A=-.=28PV =0, AP0 (2-5)
at p and the Jacobian matrix of K -differentiable map A := (A, X', ..., A* D) : U — K*is
of rank k at p.

COROLLARY 2:6. Let U be a domain in K", f: U — K" a front, and p € U a
nondegenerate singular point. Take a local tangent frame field {v,, . .., v,_1} of the singular
set S(f) (a smooth hypersurface in U) around p and set

Mm = det(vl’ cees Up—i, 77)’ (26)

as the determinant function on K" where n is a null vector field. Then p is 2-singular if and
only if u(p) = 0. In particular, p is K -right-left equivalent to the A,-singularity if and only if
u(p) # 0. Moreover, a 2-singular point p is 2-nondegenerate if and only if d(T,S(f)) =+
{0}. Furthermore, p is K-right-left equivalent to the As-singularity if and only if u(p)=0
and du(n,) #0 hold. (If w(p) =0, then the null vector n, at p is tangent to S(f) and
du(n,) is well-defined.)

Remark 2-7. These assertions for n =2 have been already proved in [7]. The criterion for
A,-singularities for general n has been shown in [10].

Let f: U — K" afront, and p € U a2-nondegenerate singular point. Then S, = S(f})
is a submanifold of codimension 2 in U and Lemma 2-3 yields that the null vector field 7 is
a tangent vector field of S,, and we can set

w=dum, w=du'®,...,n""=du*?m).
Then these functions ', u”, ..., w*= are C*-functions on S,.

COROLLARY 2-8. Let U be a domain in K", f: U — K a front, and p € U a
2-nondegenerate singular point. Then p is K-right-left equivalent to the Ay,-singularity
(B <k<n)ifand only if

u=pu =--=p*2 =0, uw P £0 at p 27

hold, and the Jacobian matrix of the map ®,:= (', ..., n*2): S, — K* 2 is of rank
k —2at p.
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Remark 2-9. In Corollary 2.8, the criterion for A4-singularities reduces to 2-nondegene-
racy and

wp)=u'(p)=0,  u"(p)*0,
since the condition ©”(p) # 0 implies that the map ®, = u’ is of rank 1 at p.

Proofs of these assertions are given in Section 4.

Let f:U — K" be a front and p a 1-nondegenerate singular point. Then we can con-
sider the restriction f;: S(f) — K™™' of f into S,. Let us denote the limiting tangent
hyperplane by

v(p)T = {v € Ty K" (v, v(p)), = 0}.
The following assertion can be proved straightforwardly.

COROLLARY 2-10. Let f:U — K" be a front and p € U a 1-nondegenerate singular
point. For any vector n & v(p)*, the following are equivalent:
(1) f at pis an Ay -front singularity (k <n);
(2) the projection 1, o flscr) at p is an Ay-front singularity (k < n).
Here, 1, is the normal projection with respect to n to the hyperplane

nt:={ve Ty, K'""; (v,n) =0}
and an A\ -front singularity means a regular point.
The following assertion follows immediately from Theorem A1 in the Appendix.

COROLLARY 2-11. Let Q be a domain in K" and f:Q — K"™' a K-differentiable
map. Suppose that p € Q2 is a 1-nondegenerate singular point, namely, the exterior derivat-
ive of the Jacobian of f does not vanish at p. Then the following are equivalent:

(1) p is an Ax-Morin singular point of f;
(2) fls(y) is a front, and p is an Ag-front singularity of f|s(y)-

Here, the A;-Morin singularities are defined in the appendix, and the Ay-Morin singularity
means a regular point.

3. Adopted coordinates and k-nondegeneracy

In [7], a certain kind of special coordinate system was introduced to treat the recognition
problem of cuspidal edges and swallowtails in R>. In this section, we give a generalization
of such a coordinate system around a singular point, which will play a crucial role.

LEMMA 3-1 (Existence of the kth KRSUY-coordinate system). Let f:U — K"' be a
front and p e U a k-nondegenerate singular point (1 <k <n). Then there exists a K-
differentiable coordinate system (zy,...,z,) around p and a (non-degenerate) K-affine
transformation ® : K"t — K"*! such that

f(11,...,zn)=(fl,...,f"+l)=@of(zl,...,z,,)

satisfies the following properties:

(By) the point p corresponds to (21, ...,2,) =0, ...,0);

(B) 9, :=9/0z, gives an extended null vector field on U;

(B) if k =2, then the K-vector space T,S; (i =1, ...,k — 1) is spanned by 0
that is

° aZn’

Ti412 "t

TpSi = SpanK{aZiJrl’ T 8sz} ’
where 0., :=0/3z;, j=1,...,n;
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(By) suppose k <n. If p is (k + 1)-singular, then T,S; = Spang{0,, . ..., 0;,}. On the other
hand, if p is not (k + 1)-singular, T), S,y = Spang{9,,, ..., 9, |},

®) f(p)=0andv(p)=(1,0,...,0); A

B) f(z1s ooy zn) =(f' 1 20)s 2@ s Z0)s 2o es Zno) forn = 2 and f(z1) =
('), F2@) forn=1;

(B ifn =2, (fN)e(p) = (f*),(p)=0holds fori=1,....,n— 1.

We call a coordinate system on U satisfying the properties (B), (P), (P,) and (P;) a “k-
adopted coordinate system”, and we call by the “kth KRSUY-coordinate system” a pair of
coordinate systems on U and K"*! satisfying all above conditions. (In [7], the existence of
the coordinates for k =1, 2 and n =2 was shown.)

Proof of Lemma 3-1. By replacing U to be a smaller neighbourhood if necessary, we can
take an extended null vector field 7 on U (see Remark 2-2). Now we assume that p € S, is
k-nondegenerate. Then S; is a submanifold of U of codimension k. So we can take a basis
{&1,....&_1,7,}) of T,U such that

Spandée, ..., &1} =T,S if k <n and p is not k-singular,
Spang{&xs1s ..., &1, 11p} = T, S8 if k <n and p is k-singular,
and
Spang{&it1, ..., Euo1, 1) = T, (1<i<k—-1 and k>2).
We now take a local coordinate system (sj, s, ...,s,) around p such that 9 (p)=§;
(i=1,...,n—1), and consider the following two involutive distributions 7 and 7, of rank

n — 1 and 1 respectively
Ti(x) := Spang{dy, (x), 35, (x), ..., 0y, (x)}, Ta(x) := Span{n,} (x € V),

where V is a sufficiently small neighbourhood of p. Since two distributions 7;(p) and
T,(p) span T,V, the lemma in [6, page 182] yields the existence of local coordinate sys-
tem (w;, wy, ..., w,) around p such that

Ty := Spang{du,, duys - > O, } o O, € Span {7} (= To).

Moreover, by a suitable affine transformation of K", we may assume that w;(p)=0
@=1,...,n)and 9,,(p)=& (i=1,...,n — 1). Replacing U to be sufficiently smaller,
we may assume that this new coordinate system (wy, ..., w,) is defined on U. Moreover,
we may reset = 9,,. Thus (U; wy, ..., w,) satisfies (B), (P,), (P») and (P;). By a suitable
affine transformation of K"*', we may assume that

af

Fp)=0, vip)=e, 8—(p)=e,-+z @G=1....,n=1), (3-D
w;

where e; denotes the jth canonical vector

e;:=(0,...,0,1,0,...,0) G=12,....,n+1) 3-2)
of K"™' . Weset f=(f",..., f""). Then it holds that
afi+? ; )
(p):(SlJ (,I=1,...,n—1), 3-3)

Bwl
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where 8/ is Kronecker’s delta. Define new functions by

8@l T3 Wiy e wy) = T (W, w,) — 2 G=1...,n—=1.
Since dg;/dw;(0) = (Slj for (j,/=1,...,n — 1), the implicit function theorem yields that
there exist functions ¢; (z, ..., Z,—1, wy) (j =1, ..., n — 1) such that

8@, o s Zam, 01(Zhs e T Wa)s ey @1 (0w vy Znet, Wa), Wy) = 0.

If we set w, := z, and

wj :z(pj(zl,---’zn—l’wn) (jzla"'yn_l)7

then (zy, ..., z,) gives a new local coordinate system of U around p such that
Z] = fj+2((pl(zla cevy Zn—1» Zn)’ ceey (pn—l(Zl, ey Zn—1» Zn)’ Zn)$ (34)
awA .
a—’(p)=5/ G=1,....n—=1,1=1,...,n). (3-5)
2

Since 9, is the null direction, we have df/dw, = 0. Differentiating (3-4) with respect to z,,
we have

S A L O e~ X Ve 17

on 5.

~ dw 9z, dw, = dw 9z,

dw, ¢
02, B 02,

hold for/ =1, ..., n — 1. In particular, (3-5) holds for j =n.
Thus if we set

=0 (on §; near p)

FGL e z) = F(@0@ e 2 Pt (@1 s Z0)s Za)s

then

A n—1
0f _N~9f 3¢ OF
0Zy P ow; 0z, Ow,

=0 on S| near p,

holds which implies (P;). By (3-5), 9,,(p) =9,,(p) for j = 1,..., n. Hence we have (P»)
and (P). Moreover,

of [ af  ow of - aof
9P = Za—%(p)—(p) + == (p) = ——(p) = €12,

= 0Z; ow, Jw;

which implies (F;). Now (P,) and (Ps) follow immediately from (3-1) and (3-4) respectively.

!

Now we use the notation ' = d/9dz, under the k-adopted coordinate system.

LEMMA 3-2. Let p be a k-nondegenerate singular point of f. Under a kth adopted co-
ordinate system (21, ..., zZ,), the following hold:
() if k=1, then p is 2-singular if and only if A'(p)=0. Moreover p(€S;) is 2-
nondegenerate if and only if

AL(p)s oo A, (p), A" (p) * 0;
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(2) ifk =2, then A" (p) + 0 and
AMWD(p)y = =2 P(p) = 2" (p) =0 (3-6)

Zm Zn—1
hold form =2, ..., k. Moreover p is (k+ 1)-singular (k < n) if and only if . (p) =0.
Furthermore p(€ Si41) is (k 4+ 1)-nondegenerate if and only if

(0 (P, ... 2" (p), A (p)) * 0.

Proof. When 1<k <n, p is (k + 1)-singular if and only if A*)(p) =0 by (2-3). Sup-
pose now p is (k + 1)-singular (k <n). By definition, p is (k 4+ 1)-nondegenerate if and
only if 7,5, ¢ ker(dA®),. Since SpanK{azkH, o aZn} =T,S; by (P,), this is equival-
ent to (A;’Zl e A;’;)_I,A(HI))([?) # 0, which proves (1) and the latter part of (2). Next,
we assume 2 <m < k <n and prove the first part of (2): by (2:3), we have S,,_;={q €
Sw—2; 1" (q) =0}. By the assumption (B,), we have T,S,,_; = Span{0,,. ..., d,,}. In
particular, 1"~ is constant along these directions, which implies (3-6). On the other hand,
since k >m >2, p is (m — 1)-nondegenerate. By (2-4), we have 7,S,,_» ¢ ker(dA"?),,
which implies 1"~ (p) + 0 because of (3-6).

LEMMA 3-3. Suppose that p € U is a singular point of f which is k-nondegenerate but
not (k + 1)-singular. Then under the kth adopted coordinate system, f**V(p) % 0 holds.
Moreover, if k > 2, then fZ;"iTI)(p) * 0 and

)y == £ () = [ () =0 37
hold form =2, ..., k.
Proof. Since p € Si \ Sk+1, (2-3) yields that

) =---=fCp=0, f“V(p)*0.

Suppose that k >m >2. Then p is m-nondegenerate. By (2-3), the map ! vanishes
along §,,_;. Since T, S,,_ is spanned by 9, , ..., d;, because of (P,), we have (3-7). On the
other hand, since f'=---= f"~D =0 at p, Lemma 3-2 yields that

02" 2(p)=det(foy,. .. o S0 0)(p),

Zm—1

which implies that £~V (p) = 0.

4. Proof of the criteria

Let f: U — K"'' be a front and v be a K-normal vector. Let p € U be a singular
point of f which is k-nondegenerate but not (k 4 1)-singular. We denote the k-th KRSUY
coordinates by (U; zy, ..., z,) and (K""'; x1, ..., x,41). Set

X = (xlsx2)7 Y = (Zlv"-7zn71)v (X7 Y):(xlsxz,le--,anl)-
We define a function ®: K"™' x K — K by
DX, Y, z,) == (¥, z0), (¥, 20) — (X, V). (4-1)
Then we have the following:

PROPOSITION 4-1. The discriminant set
0P
Dy = {(X, Y)e K" ®(X, Y, 1) = E(X, Y, t) = 0 for some t}

coincides with the image Im(f) of f.
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Proof. One can easily prove that Dy DO Im(f). Next we show D¢ C Im(f). Suppose
(X,Y) € Dg. Since (f;,, v}y =0, (X, Y) € Dy is equivalent to

w, f—(X,Y)=0 and (', f—(X,Y)), =0. 4-2)
Since we are using the kth KRSUY-coordinates, (4-2) reduces to
W, (f =, 2= 32,0, 0 = (0, (=0, 2 =32, 0,...,0)) =0, (43)

By the following Lemma 4-2, the first two components of v, v’ are linearly independent near
p as vectors in (K?; x;, x,). Hence by (4-3), we have x; = f!, x, = f2. Since

X.Y)=(f'(Y.z0), F2(Y.z0), ¥) = (Y, 2,) € Im(f)
holds, we have Dg C Im(f).

LEMMA 4-2. The vectors f, ..., f,_,, v,V are linearly independent near p. Moreover,
ifwewritev= ', ..., v""), then W', v2) and (W'Y, (v?)') are linearly independent in K*
near p.

Proof. Clearly, f,,, ..., f._,, v arelinearly independent. Since f is a frontand f'(p) =0,

we have V' ¢ Span{v}. We assume V' € Span{f.,,..., f,,_,, v} at p. Since (V', f, )y = —
(v, f1) = (v, fl =0,V € Span{v}, a contradiction. Moreover, since f; (p) =e;2 by
(), (v', v?) and ((v'), (v?)) are linearly independent. Then the second part of the lemma
follows.

LEMMA 4-3. Suppose that p € S(f) is k-nondegenerate but not (k + 1)-singular. Under
the kth KRSUY-coordinates at p, it holds that:
(1) @™ (0,0)=0 (m =0, ..., k+ 1) and ®**+2(0, 0) % 0, where 0 is the origin of K"*';

(2) the Jacobian matrix of the map (®, ', ..., ®®): K" — K*'is of rank k + 1 at the
origin.
Proof. By identifying A" K"*' with K" with respect to (, )¢, firr---» fo_,» v and

fo Ao A f,,_, A are linearly independent near p, where A denotes the exterior product.
Then, one can write

n—1
Vi=—af. Ao A fo AV + <Z b,fz,) + cv, (4-4)
I=1
for some functions a, by, ..., b,_1, cin (z1, ..., z,). By Lemma 4-2, we have
a=+0 near p. 4-5)

Here, on the singular set S;, we have

n—1
0= (v, =0 F =D bilfir £y G=1L....n=1).
=1

Hence we have
bj=0 (j=1,...,n—-1) on S; near p. (4-6)
By the definition of A, we can write

n—1
W, e =ar+ Y bi(fon £ 47

=1



Ay singlarities of wave fronts 741

Since (V', f'), =0, differentiating (4-1) with respect to z,, we have

=0 = X))+ [l =00 = XD,
"= (v ,f—(X,Y))K ( ,fK v, [
= 0" f = X))+ (4-8)

Then by Lemmas 3-2, 3-3 and (4-7), we have

nel (m)
P+ — ((\),, f/>K)(m) — <a)» + Zh(fz:v f’)K) = ar™ 4-9)

=1

at (0, 0) form =0, ..., k, where we used (4-6) for m =k. Since A" (p) =0 (m <k —1) and
A®(p) % 0, (4-5) yields the first part of the lemma.
Next, we show the second part: Differentiating (4-8) with respect to z;

4 // a ! i
CI)Zj = (Uz,-ﬁf (X, Y) fz, e/+2 +£(Vaf>1(v
J

where e, is defined in (3-2). As in (4.9), applying Lemma 3.2, we have

0 (j>m—1),
a(prA"P(p)£0  (G=m—1).

im—1

®(0,0) = ar!"? = {

Since ®,, = (v, —e;), = — v/ for j =1, 2, the Jacobian matrix of (®, &', ..., ®®) at the
origin is written as

- v 0 0 0 ...0
—wHY —=@¥» 0 0 0 .. 0
* * ak, O 0 ...0
* * * a)»’zz ... 0 .0
* * % sk x aik 0

which is of rank k + 1.

Proof of Theorem 2-4 It can be straightforwardly checked that the singular point given
in (1-1) is k-nondegenerate, but not (k + 1)-singular. We now prove the converse. By
Zakalyukin’s theorem [11] (see also the appendix of [7]), Im(f) is locally diffeomorphic
to the standard A, ;-singularity if and only if it is K-right-left equivalent to (1-1), whenever
the regular points of f are dense. Thus, it is sufficient to show the versality of & (which
implies that Dy is locally diffeomorphic to the standard A, -singularity, see [4]). In fact,
this is evident by Lemma 4-3.

Remark. In [7], versal unfoldings of a cuspidal edge and a swallowtail in R* are given.
The above versal unfolding @ is much simpler than those in [7].

Now, we give proofs of Corollaries 2.5, 2-6 and 2-8 using Theorem 2-4.

Proof of Corollary 2-5. The necessary part is obvious by Lemma 3-2. We assume that
A=A= - =20 =0, A*D % 0 at p and the map (A, 1/, ..., A¥) is non-singular at p.
Then we can see that p is 1-nondegenerate, so we can take the 1-st adopted coordinate sys-
tem. By Lemma 3-2, p is 2-singular if k > 2. Since (A, 1) is full rank, p is 2-nondegenerate.
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We can continue this argument k times. Then we see that p is k-nondegenerate but not
(k 4 1)-singular. By Theorem 2-4, we have the conclusion.

Proof of Corollary 2-6. By Lemma 2.3, p is 2-singular if and only if ne7,5(f)=
Spanf{vy, ..., v,—1}, which is equivalent to u(p) =0. Hence p is A,-singular point if and
only if u(p) * 0.

Since the condition does not depend on the choice of coordinate system and a frame
{vi,...,v,-1} on S(f), we take a coordinate system (xp, ..., x,) of U such that x, =\
and set v;=0/0x; (j=1,...,n — 1). Then the singular set S(f) is given as a hy-
perplane x, =0, and u=n, holds on S(f), where n=(ny, ..., n,). On the other hand,
A =di(n) =dx,(n) =n,, and then we have A’ =pu on S(f). Then, if p is 2-singular, it is
2-nondegenerate if and only if dA'(T,S(f)) =du(T,S(f)) * 0. Moreover, since

S ={q € S(f); ¥(q) =0} ={q € S(f); nlg) =0},
p is 3-singular if and only if du(n,) =0. Thus, we have a criterion for Asz-singularities.

Proof of Corollary 2-8. Since p is 2-nondegenerate, du, 0 holds by Corollary 2.6.
Hence, in addition to the previous proof, one can take a coordinate system (xi, ..., Xx,)
on U such that A=x, and u=x,_; on S(f). Then the set S, is a linear subspace
{(x1,...,x,.2,0,0)} near p. As seen in the previous proof, A’ = x holds on S( f), and hence
the condition (2-5) in Corollary 2-5 is equivalent to (2-7) under the assumption that p is 2-
singular. Moreover, since A” = u’ on S,, the Jacobian matrix of the map A in Corollary 2-5
is computed as

P T Y Y 0 ... 0 01

/ / / U

e R M 0 .. 0 L

Xy Mg Xn—1 Xn — Hxp o0 HBxn

k=) L k=1) , (k=1) (=1 - k-1
WD kDR EED kD pD ) ek

holds at p. Hence the conclusion follows.

Example 4-4 (Tangent developables in K ). Let y(z) be a K-differentiable curve in
K* such that y',y”, y”,y" are linearly independent. We consider a hypersurface
fz,u,v)=y@) +uy' (@) + vy’ (). f wesetv=y’" A py” A y”, then f is a front with
K -normal vector v. Furthermore, we have

Si={v=0}, S={u=v=0}, n=(1,1,u) and A =n.

By Corollary 2.5, f at (z, u, 0) is K-right-left equivalent to (cusp) x K? if and only if u = 0,
and f at (z, 0, 0) is K-right-left equivalent to (swallowtail) x K.

5. Zigzag numbers on A-fronts

Let M" (resp. N"!) be a manifold of dimension n (resp. n + 1), and f: M" — N"l a
front. If all singularities of f are Aj-singular points (k <n + 1), it is called an A-front. In
this section, we set K = R, and discuss a topological invariant of A-fronts. Now, we assume
that M" is orientable.

For each A, (k <n + 1) singular point on an A-front, the image of it coincides with the
discriminant set {F = F, =0} of (1-2). Then we can define the inward normal vector vy,
which points in the direction that the number of roots of polynomial F(¢) =0 increasing.
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[ =1 HE EE

T 20 (¢7)

vi

71(t3)

o=7(0) =~(1)

The inward normal Zigzag number

Fig. 1. Zigzag number of a plane curve.

For example, on the A,-singularity (¢, x5, ..., x,) = (213, =312, x5, ..., X,), Vi, is defined
by
—(1,1,0,...,0) (t > 0),
Vin =
(1,2,0,...,0) (t <0,

see Figure 1, left. Then, the inward direction is uniquely defined on a neighborhood of each
connected component of S(f). On the other hand, a front f: M" — N"*!is called a Morin
front if there exists a C*®-map f from an (n + 1)-manifold into N"*! such that:

1) f admits only Morin singularities;
(ii) f is the restriction of f to the singular set S( f ).

Morin fronts are all A-fronts (see Corollary 2-11 and the Appendix). Conversely, any A-
fronts are locally Morin fronts. The inward direction of the Morin front f points in the
direction of the image of f, and we get the following:

PROPOSITION 5-1. A Morin front has a unique unit normal vector on the set of regular
points which points in the inward direction.

We fix a regular point o € M" of f. A continuous map y: [0, 1] — M" is called a loop at o
if it satisfies ¥ (0) = ¥ (1) = 0. We fix a Riemannian metric g of N"*!. A loop y is called co-
orientable if there exists a unit normal vector field v(z) € T;,N"™' of f along y such that
v(0) =v(1), where 7 (¢) := f oy (t). If y is not co-orientable, it is called non-co-orientable.
These two properties of loops depend only on their homotopy classes. We set

0 (if y is co-orientable),
pr(y) = e .
1 (if y is non-co-orientable).

Then it induces a representation ps: 7w (M") —> Z, =Z/2Z. Next, we set
#1(M") = ker(py) (C 1 (M"))

which consists of homotopy classes of co-orientable loops. We shall now construct the sec-
ondary homotopical representation p,: 7 (M") —> Z called the Maslov representation as
follows: Let f: M" — N"*! be a front and

S(f) =T

aeA

be the decomposition of the singular set S(f) by its connected components. Then there
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exists a disjoint family of open domains O, in M" such that I, C O,. Let y: [0, 1] - M"
be a co-orientable loop at o ¢ S(f). We set

S, = (t € [0, 11; y(1) € S(f)}.

For each ¢t € §,, there exists an open interval I,(C (0, 1)) such that y (/) C O, for
some o € A. Since S, is compact, there exists a finite number of open intervals I; =
(7t Ly=(,, 1)) such that S,  I; U---U L,. If [, N ;4 is non-empty, we

can replace I and I, by I, U I, . After these operations, each I is still contained in some
O,, since {Oy}qcn 1s disjoint. Then we may assume that

O0<t; <t <t; <--- <1, <th<1l.

We fix a unit normal vector vy € Ty, N at o. (If f admits a globally defined smooth
unit normal vector field v on M", one of the canonical choices is vy =v(0).) Let v;
(j=1,2,...,m)be the inward unit normal vector at t = tf. Then we can take a continuous
unit vector field ¥, (1) (tj+ <t < tj;l) along y |[f,-+vf,»111 such that

f)i(t;’):vj i=0,1,2,...,m),
where 1 =0 and 1, =1. We set o= + 1 and
gj—1  (f D;_1(¢;) is inward)
—ej-1 (if =D;_i(z;) is inward)
where v,, 1 = vy. Then we get a sequence
€05 €1y €2y Em»> Emal- 5-1)

Since M" is orientable, m is an odd integer. By the co-orientability of y, e =¢,11= + 1
holds. For simplicity, we write &¢; =+ (resp. —) if ¢; = + 1 (resp. —1). If there are two
successive same signs ++ or ——, we cancel them. Repeating this cancellation, we get a
sequence which has no successive signs

bt

We shall call this reduction the normalization of the sequence (5-1). Then the number of —
after the normalization is called the zig-zag number of the co-orientable loop y. (The defin-
ition of zig-zag number for surfaces in R? is given in [8]. See also [10].) For example, we
set M =S' and N = R* and consider a front as in Figure 1, right. Then this closed curve
induces a sequence

+—-—+—-—+—-——+—-—++
which can be reduced to
+—+(=H(=—)+H)—-) — (++) thatis +—+—

and thus the zig-zag number in this case is 2. We denote by z(y) the zig-zag number of the
co-orientable loop y. (Global properties and references of zig-zag numbers of planar curves
are given in [1].)

PROPOSITION 5-2. The zig-zag number z(y) depends only on the homotopy class of y,
and is stable under the deformation of an A-front.
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Proof. Suppose [yo] =[y1] in w1 (M"). Then there exists a homotopy I': [0, 1] x [0, 1] —
M" such that I'(z, 0) = yp(¢) and ' (¢, 1) =y (¢). We set

Sri={(,s) €[0,1] x [0, 1]; ['(¢, s) € S(f)}.

For each (¢, s) € Sr, there exists an open neighbourhood W; ; C [0, 1] x [0, 1] of (¢, s) such
that I'(W, ;) C O, for some A € A. Since [0, 1] x [0, 1] is compact, it is covered by just
finitely many such open subsets. Then the standard homotopy argument yields the homotopy
invariance z(yp) = z(y1).

A closed C'-regular curve y : [0, 1] — M" starting at o is called a null loop if y'(t)
(t € [0, 1]) belongs to the kernel of df whenever y (¢) € S(f). One can easily show that, for
each homotopy class of the fundamental group 7;(M"), there exists a null C'-loop which
represents the homotopy class. Moreover, we may assume that y (¢) passes through only
finitely many A,-singular points. Suppose that y(¢) is a co-orientable null loop. Then there
exists a continuous unit normal vector field v(¢) along y (¢) such that v(0) = vy. Since y is
co-orientable, v(1) =, holds. As in [10], we define a continuous map of [0, 1] \ S, into
P'(R) by

Cypit > [g(P'(1), P'(1)) : g(v, (1), " ()],

which can be extended continuously across S,. We call this map C, : [0, 1] — RP' the
normal curvature map. In fact, when y (t) is a regular point of f, —g(v,, 7')/g(7’, ') is
exactly the normal curvature of f along y. This is independent of the orientation of y, but
its sign depends on the initial choice of the unit normal vector +vy at 0. We denote the
rotation index of the map C, by 1 f(y). The absolute value of w/(y) is called the Maslov
index of the co-orientable null loop y. Then by the same argument as in [10], we get the
following:

PROPOSITION 5-3. The Maslov index | ¢(y)| coincides with the zig-zag number z(y).
In particular, we get a (Maslov) representation

P i(M") 3 [yl ps(y) € Z.
Since the inward direction is defined globally for a Morin front, we have the following:
COROLLARY 5-4. The Maslov representations for Morin fronts are trivial.

Remark 5-1. Suppose that M" and N"*! are both oriented and f is co-orientable. Then,
we can take a globally defined unit normal vector field v along f which gives a direct inter-
pretation of the sign &;: We denote by O the component of O, \ I', where v is compatible
with the orientation of M". Then each component I', of S(f) is called zig if v coincides
with v;, on OF. Some global properties of zig-zag numbers are given in [8].

Appendix A. Criteria of Morin type singularities

The Ay-Morin singularities are map germs which are K-right-left equivalent to
fG@ vz =z + -z + 2 ) (k<) (A1)

at 0 ([9], see also [5]). The Ay-Morin singularity means a regular point. The following as-
sertion holds:
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THEOREM Al. Assume that k <n. Let U be a domain in K", and f: U — K" a K-
differentiable map and p € S(f). We assume that p is a corank one singularity. Then f at
p is K-right-left equivalent to Ay-Morin singularity if and only if

A=A =-=2D =0 2O +0arp and (A2)
A = (A, Ao, )\(k*”) ‘U —> K s non-singular at p. (A3)
Here, A= det(fy,,..., fv,), (x1,...,Xx,) Is the canonical coordinate system on U,

N =gr(=2aW), 2O =AY and 7 is the extended null vector field of f.

Proof. Since the conditions (A 2) and (A 3) do not change when changing A to WA, where
¥ (p) * 0, the conditions (A 2) and (A 3) are independent on the choice of local coordinate
systems on the source and target. Suppose f has the form

f(Zh ey Zn) = (I"L(Zli ey Zn)a V4 PRI anl)a (A4)
such that:
Q) f=-=p® =0, D +0at p (=3/dz,): and
(ii) the map germ of (i/, ..., u®) is nonsingular at p.

Then f is an A;-Morin singularity (see [S, page 177]). Though the proof of this fact in [5] is
given for K = R, the argument works also for the case of K = C. By (A 4), we have A = i/,
and n = 9., holds. This implies the theorem.

The same type of assertion as in Corollaries 2-6 and 2-8 hold for A;-Morin singularities.
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