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NOTES AND PROBLEMS

NONSTANDARD
QUANTILE-REGRESSION
INFERENCE

S.C. GoH AND K. KNIGHT
University of Toronto

It is well known that conventional Wald-type inference in the context of quantile
regression is complicated by the need to construct estimates of the conditional den-
sities of the response variables at the quantile of interest. This note explores the pos-
sibility of circumventing the need to construct conditional density estimates in this
context with scale statistics that are explicitly inconsistent for the underlying con-
ditional densities. This method of studentization leads conventional test statistics
to have limiting distributions that are nonstandard but have the convenient feature
of depending explicitly on the user’s choice of smoothing parameter. These limit-
ing distributions depend on the distribution of the conditioning variables but can be
straightforwardly approximated by resampling.

1. MOTIVATION

It is well known that the asymptotic variance of quantile estimates depends on
the density of the underlying data-generating process evaluated at the quantile
of interest. In particular, regression a-quantiles, where a € (0, 1) denotes the
quantile of interest, are known to have asymptotic covariances that depend on
the conditional density of the response variables evaluated at their conditional
a-quantiles given covariates. As such, Wald-type inference for models of condi-
tional quantiles is complicated by the need to estimate conditional densities of the
observations at quantiles of interest. Consistent estimates of these densities lead
straightforwardly to inference procedures based on limiting normal or y? distri-
butions. Although asymptotically valid, these inference procedures are known to
be sensitive in finite samples to the choice of smoothing parameter used to imple-
ment the embedded density estimates. !
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This note explores the possibility of studentizing regression quantiles with scale
statistics that are explicitly inconsistent for estimating the underlying conditional
densities. As might be expected, studentization in this manner leads conventional
test statistics to have nonstandard limiting distributions. Although complex, these
limiting distributions are shown to depend explicitly on the smoothing parameter
used in the studentization. This differs from the situation that emerges from con-
ventional first-order asymptotic theory, where the finite-sample variability of esti-
mates of estimator precision is ignored. Numerical evidence is provided indicating
that quantile-regression Wald tests using the nonstandard asymptotic approxima-
tion are potentially much more accurate in small samples than Wald tests based
on the usual first-order asymptotics.> More generally, the nonstandard asymp-
totic approximation that emerges in this note may be advantageous in terms of
its potential application to guiding the choice of smoothing parameter used to
studentize coefficient estimates in this context.

A word on notation: The symbols =, JZI); and i) denote weak convergence,
convergence of finite-dimensional distributions, and convergence in distribution,
respectively.

2. MAIN RESULTS

Let Y1,Y2,...,Y, be independent random variables with possibly nonidentical
distributions. Suppose the conditional a-quantile function is linear in a d-vector
of conditioning variables z, i.e.,

Fy 1p(@) =2 B(a).

Given a fixed design sequence {x;}, write the conditional distributions of each Y;
as

PlY; <ylz;]l= Fy,(ylx;) = Fi(y)
and set
&(a) = F ' (a).

Consider the family of regression a-quantiles given by

{,én(a):a e (0, 1)},

where
n
Bu(a) = argmin ¥ py (Y; —a; b) 1)
bERd i=1
and

pPo(s)=sla—1(s <0)].

In what follows, the following conditions will be assumed to hold.
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Assumption 1. The conditional distribution functions {F;} are absolutely con-
tinuous with respect to Lebesgue measure on R with continuous density functions
fi(-)= f (-|x;), where foreachi = 1,2,..., f; is uniformly bounded away from
zero and infinity at & (a).

In what follows, consider the function f (-|) in the statement of Assump-
tion 1, where in this case « is any d-vector that lies in a measurable space on
which the nonlattice probability measure u referenced in the second part of
Assumption 2, which follows, is defined. Define

k(@)= f (wT,B(a)‘w) . (2

Assumption 2. For each b € R? and for x(-) as given in (2), the following
conditions hold for a fixed design sequence {x;}:

(a)
lrélla;(n fi (fi(a)+Jﬁwa> —x(x;)| >0
asn — 00

(b)

— 2 [Fi (fi(a) + \}ﬁm,Tb> - Fi(fi(a))] x;

_ ’1112\/; [Fi (5,-(a)+ \}ﬁwjb) —F; (fi(a)):| T;
— Di(a)b

as n — 00, where
Di(0) = /k(m)mwT#(da:) < 00 3)

is positive-definite for some nonlattice probability measure x.
(¢) The matrix

Dy = /:zza:Tﬂ(da;) < 00 (€))

is positive-definite, where u is the same nonlattice probability measure
used in the definition of D («).

Remark 1. Parts (b) and (c) of Assumption 2 guarantee the continued convex-
ity as n — oo of the localized regression a-quantile objective function

5 () = LI, S DR
Zp(u) = i; <pa <€l \/ﬁmi u) Pa (Q)) 5
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where €; =Y; —xl.T B(a), which in turn guarantees the uniqueness in large samples
of the solution to the regression a-quantile minimization problem referenced in

72

Assumption 3. The fixed design sequence {x;} referred to in Assumption 2
satisfies

1
max — ||z;|| > 0
1<i<n i/n
asn — oo.

Under Assumptions 1-3, it is straightforward to show” that the regression
a-quantile is asymptotically normal, with

Vi (Bu@ =B@) 5 N (0,a(1=0) D} @ DoD} @)

In what follows, we explore the possibility of studentizing the limiting distri-
bution of /n (,én (o) — ,B(a)) using “regression-quantile spacings” of the form

ﬁn (a+ (m/n))— ,5',, () for some fixed m > 0. By way of comparison, note that
the conditional response density f; (& (a)) can be consistently estimated using the
difference quotient

A m
i,m,n(éi( = - - 5 5)
D= Bu(a+2) =B (@)

where (m/n) — 0 but m — oo as n — co. This estimate can then be used to con-
struct a natural plug-in estimator of the matrix D (a) appearing in the asymptotic
covariance of 3, («).

To analyze the large-sample behavior of regression-quantile spacings, define
the “localized” criterion function

. ) 1
Zy(w)=nY, |:Pa+(m/n) (Yi —z] Bu(a) - nw,-TU)

i=l
—Po+(m/n) <Yi _m,-r/én(a)>:| . (6)
Note that Z,(-) is minimized over R? at
A m ~
An,m =n [ﬂn ((X + ;) —,6,1(0!)] .

It will be shown that the limiting behavior of {A, ,,} is recoverable from the
limiting behavior of the sequence {Z,(-)} of localized objective functions. In
particular, because {Z,(-)} is convex, the convergence of the finite-dimensional

distributions of {Z,} to some limiting element Z implies that A, ,, i) A,,, where
A, =argminZ.
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Now define regression a-quantile residuals

é(a) = —Z; ,3,1(0!)

foreachi € {l,...,n}. Under mild assumptions,f’ exactly d residuals will be iden-
tically equal to zero. In particular, the value of 3, («) is determined only by those
observations with indices i such that €; (@) = 0. In this connection, define

Hu(a) ={i : & (a) =0}
and set
Ya(s)=a—1(s <0).
Then B, () satisfies

Y wi@zi= Y (@,

i¢Hn(a) i€eHn(a)

where for each i € H,(a), 7;(a) is a random variable taking values in [—a,
1 —a].” It is shown subsequently that the asymptotic behavior of Z,(-) depends
crucially on whether the observations (y;, ;)T entering the sum have indices
ieH,(a)ori € Hy(a).

We first examine the limiting behavior of {(z;", 7;(¢))" : i € H,(a)}. In this
connection, we make one further assumption.

Assumption 4. For any Borel set B in R? with finite diameter and any subset
H of d elements from {1, ..., n}, there is a measure v such that

7 <e'—:c-w x;, €B
i%{ a i \/ﬁl i ‘|

B 1
- MWP (‘szDﬂa)DalDl(a)w) +o(1),

d
n2zpP

where the o(1) remainder term is uniform in w taking values on compact sets.

Assumption 4 is a “mixed” local-limit theorem. In particular, it is the local limit
version of the central limit theorem

z v <el Jeel >mi 4 N (=D (eyw, Do)

that follows from Assumptions 1-3. The typical scenario for which Assumption 4
is intended to apply is the case where the nonintercept component of the proba-
bility measure x embedded in the definitions of the matrices Dj(a) and Dy in
Assumption 2 does not have a lattice component and where a € (0, 1) is rational.
In this case the measure v in the statement of Assumption 4 would be the product
of Lebesgue measure on R?~! and some multiple of counting measure.®
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LEMMA 1. Under Assumptions 1-4,

{@ . a@)iet@} S {@].Ti@) ... (] Ta@)" |,

where {X1, ..., X4} have a joint distribution given by
2
1 d:H"’]“'md” 4 j ,
hz,...,z%) = Dy (@)] ]l;[l |:K(:1: ),u(da:j)]
K@ () o e (@) ) ™
B | Dy (o)l

on the ordered set O = {x| < x> < --- < x4} and where the conditional distribu-
tion of (Ti(a), ..., Ta(a)) T given {X1 =x1,...,Xq = x4} is given by

v([a:l...md}B)

P (7-1(0!),---,7-d(01))—rGB‘Xlzwl""’Xd:wd} - H:cl :cd”

forany B C (—a, 1 —a)?. Here the notation [ul ud] denotes ad x d matrix
with jth column given by w/, and i and v denote the measures specified in the
statements of Assumptions 2 and 4, respectively.

Proof. The proof appears in Appendix A.

Remark 2. Note that in the case of independent and identically distributed
(i.i.d.) observations the x'/%(x/) cancel out of (7). In the more general setting of
conditional heteroskedasticity treated here, observations with larger values of
fi(&i (a)) will (unsurprisingly) receive a higher density weight.

We note that Lemma 1 indicates that the design points {x; : i € H,(a)} are
asymptotically drawn from a biased version of the d-fold product of the limiting
design measure u. In particular, more dispersed samples—where dispersion is
measured in terms of the determinant of the design matrix with each observation
receiving the density weight x(a/) (j = 1,...,d)—are favored in the limiting
experiment. In general, the limiting distribution of the points {x; : i € H,(a)}
depends on the behavior of f;(«) in a neighborhood of the point u = & (a).’

Now consider the limiting behavior of observations with indices i & H, (o).
Define the point process

My(AxB)= Y [1{né(a)eA, xieB}.
ii'H,,(a)

We show that {M,,} converges in distribution to a Poisson process.

LEMMA 2. Under Assumptions 1-3, {M,} converges in distribution—with
respect to the vague topology—to a Poisson process M with mean measure

m (de,dx) = J(de) u(dx)x (x),

where /. denotes Lebesgue measure.
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Proof. The proof appears in Appendix A.

Note that the points of the limiting Poisson process in Lemma 2 can be repre-
sented as { (T, X;[)T : k # 0}, where { X} is an i.i.d. sequence with distribution
pand Ty =Ej g4+ Epg, T—x = — (E1—x+ -+ E_ k), where the {E; 1}
are independent exponentials with mean 1/(x (Xy)).

Lemmas 1 and 2 together are used to derive the limiting distribution of the
regression-quantile spacing.

THEOREM 1. Suppose that Assumptions 1-4 hold. Let v = [xu (dx). Then

d.
Zn f—) Z, where

d d
Zw)=-mu'y =Y Tiu X+ Y pioo (' X))
j=1 j=1

XkT'u,
+ Z/ [1(T'y <s5)—1(Tx <0)]ds.
k2070

As such, the regression-quantile spacing A, , = n [,én (a + (m/n)) —ﬁn (oc)}

satisfies

d
An,m — Am>

where A,, = argminZ.
Proof. The proof appears in Appendix A.

Note that for sufficiently small values of m, the distribution of argmin(Z) will
have positive probability mass at the origin. In particular, it is immediate from the
conclusion of Theorem 1 that

limsup P [Bn (a + ﬂ) = ,é,,(a)} < P [argmin(Z) = 0].
n— 00 n
A consideration of the relevant portion of the objective function Z, (), however,
yields a closed-form expression for lim,_, o P [,én (a+ (m/n)) = Bn (oc)} .
In this connection, note that én (a+ (m/n)) = ﬁn (a) if and only if O is in fact
contained in the set of minimizers of Z, (0). If, as in the proof of Lemma 2, Q,, is

taken to denote the d x d matrix with columns «; for i € H,(a) and 7, (a) to be
the d-vector with elements {z;(a) : i € H,(a)}. Then

plBu(os) =Bt
mQ;1<1 2 a:i)—}—‘r,,(a)e[—a—rz,l—a—m]dl.

M igH, (@) n

=P
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However,
1
o ( > wi) +70(@) S mQ Ty + T (@), ¥
n.
i¢Hn(a)

where T (a) = (7'1(01),...,’721((1))T and Q is a d x d matrix with columns
X1,..., X, Because the limiting random variable in (8) is continuously dis-
tributed, we obtain

lim P [,én (a + ﬂ) = Bn(a)} =P {mﬂ_17+7'(a) €l—a,l —a]d} .

n—o0 n

A similar argument produces

P [argmin(Z) =0] = P {mﬂ_l'y—i—T(a) €l—a,l —a]d] , 9)
a probability that does not depend on « € (0, 1), because

P [mﬂ_l'y—}—T(a) €l—a,l —a]d] =P [mQ_lfy—l—T(oc) +atg €10, l]d} ,

where ¢4 is a d-vector of ones. In particular, the elements of the random vector
T (o) + oty are uniformly distributed on [0, 1].10

3. DISCUSSION

It should be clear that the conclusion of Theorem 1 can be exploited to derive an
alternative “fixed-m” limiting distribution for any pivotal test statistic involving
both the regression a-quantile and an associated spacing statistic

n {én (a + %) —53;(0!)} .

Equally clear is that the practicality of such a limiting distribution will be com-
plicated by the dependence of the limiting distribution of the spacing statistic on
both v = [@u (dx) and the random variables {X, ..., X ;}. In this connection,
it is noted that a familiar resampling strategy can be exploited to obtain consistent
estimates of the limiting distribution of

n B (a+%) =Bu@)]-

In particular, consider the behavior of the minimizer of the bootstrap counterpart
to the criterion function given in (6), namely,

* 2 * * A% 1 *
Zi(u)=n 2 |:Pa+(m/n) <Yi - wiTIBn (a) - T T“)

i=1

—Po+(m/n) (Yi* _‘E?TB;((X)> ] >
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where
* * 1 _ *
{(Y,m l:l,...,n}:Xn

is a random sample from the empirical distribution

F(y,w)—*zl(Y <y, x <)
ll

and ﬁ; (a) is the regression a-quantile computed from the elements of the boot-

strap sample X. As such, Z (u) is convex and minimized by n {,é; (o + (m/n))

—ﬁA,’; (a)} . Arguments analogous to those leading up to Theorem 1 show that

n [,@; (a+ %) —,@;(a)] 4 argmin Z,

where Z is as given in the statement of Theorem 1. This shows that a stan-
dard nonparametric bootstrap technique can be used to approximate the non-
standard limiting distribution of test statistics embedding regression-quantile
spacings as inconsistent “estimates” of the asymptotic precision of regression
quantiles.!! A numerical example involving Wald-type statistics studentized
according to the difference-quotient method of Hendricks and Koenker (1992) is
provided in Section 4.2.

4. NONSTANDARD WALD-TYPE INFERENCE FOR QUANTILE
REGRESSION

4.1. Preamble

This section is intended to furnish some evidence on the practicality of Wald-type
inference involving the nonstandard method of studentization described in this
note. In this connection, for a € [¢, 1 — €], where € € (0, 1/2), set

W(@) = v/n (én(a)—ﬁ(a)), 10)

D,o= Z T :IZ (€8]

Dy im(a) = - 2 iz fimn(& (@), 12)
i=1

where ﬁ,m,n (&i(a)) is the conditional density “estimator” as given in (5) embed-
ding a regression quantile spacing. Quantities (10)—(12) yield the expression for
the Wald statistic used by Hendricks and Koenker (1992):

-1
Win(@) = Wa@)" [D;1,@DuoDyl @] Wi,
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The limiting distribution of W, ,,(a) is readily available as a corollary of
Theorem 1. In this connection, recall the definition

Ay (o) =argminZ(a, u),
u

where Z(a, w) is the criterion function as given in (6) written explicitly as a func-
tion of a and u. The following result is a direct consequence of Theorem 1.

COROLLARY 1. Let W (a) denote a random variable with distribution given
by the limiting distribution of W, (a) in (10), i.e.,
W (o) ~ N (0, D7 ' (1) DDy (@),
where D\ (a) and Dy are as given in (3) and (4), respectively. Let

Dy (a) = plim D, 1, (),

where bn,l,m (a) is as given in (12).
Then under the assumptions of Theorem 1,

Wam (@) S W(a)" [Dl_,,ln(a)DoDl_,,i,(a)} W,

The conclusion of Corollary 1 can be extended to accommodate inferential
questions regarding the regression-quantile process {ﬁ (Bn () — ﬂ(a)) :

O<a< 1}, which is regarded as a stochastic process in the space (D[0, 1])d of

R9-valued right-continuous functions with left-hand limits on [0, 11.12 n particu-
lar, the following result is a direct consequence of Theorem 1 and existing results
on the weak convergence of regression quantile processes in (D[0, 17)%.13

COROLLARY 2. Suppose the assumptions of Theorem 1 hold for all o €
(0, 1). Then for any € € (0,1/2),

d T -1 -1 -1
sup Wa(a) S sup {W (@) | D7, DoD7 ), @) W(oz)}, (13)

aele,1—e] o€le,1—€]

where the quantities in (13) refer to the same quantities given previously in the
statement of Corollary 1.

4.2. Numerical Evidence

We conducted a number of modest Monte Carlo experiments to evaluate the
performance of the nonstandard “fixed-m” limiting distribution of the Wald
statistic W), »(a) given in Corollary 1 against the conventional %% asymptotic
approximation.
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In the first set of experiments conducted, simulated data were drawn from a
pure bivariate Gaussian location-shift model given by

yi =x; +u;, i=1,...,n, 14)

where {u;} is i.i.d. N(0, 1), the design {x;} is i.i.d. N(5,1) and distributed inde-
pendently of {u;}, and n € {100, 400}. The number of replications used was fixed
at 500.

Noting that the conditional a-quantile function of y; given x; may be expressed
as

Fyl @) = fo+ Prxi+ Bax], (15)

where S, = 0, the first set of simulation experiments is concerned with the size
performance of a 5% Wald test based on the statistic

. (1) _ b (4)

1
2 Sn,m,22 (j)

for the hypothesis Hyp : > = 0, where in this case ﬁn,g(l /2) denotes the third
component of the regression 0.5-quantile estimate of £, in (15) and s, ,,22(1/2)
denotes the (3, 3)-element of the matrix

R I\ ~ 1
Dn,ll,m <2> D",ODn,ll,m <2>’
where f)n,o and ﬁn, 1,m (-) are as given in (11) and (12), respectively.

In particular, the accuracy of the conventional ;(12 asymptotics for W, , (1/2)
as given in (16) under Hy is compared with that obtained by the (full-sample)
nonparametric bootstrap approximation to the alternative limiting distribution
given in Corollary 1. In this connection, we note that 5% critical values from the
“fixed-m” asymptotic distribution of Corollary 1 were approximated by the 0.95-

quantile of the empirical distribution of a bootstrap sample of size 99 consisting
of simulated values of the statistic

Wi (1) RCRCORE Ol a7

2 - * 1 ’
Sn,m,22 2

where in this case the starred quantities in (17) refer to the corresponding
quantities in (16), but computed from a sample generated by random draws
with replacement from the empirical distribution of the original observations
{(yi,xi)T = 1,...,n}.

The Monte Carlo sizes of the two distributional approximations to the large-

(16)
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FIGURE 1. Size performance of a 5% Wald test as a function of the smoothing parameter
m, n = 100.

sample behavior of the Wald statistic under Hy are displayed in Figures 1 and 2,
which plot empirical rejection probabilities as a function of the smoothing
parameter m. Figures 1 and 2 report the same experiment repeated at two different
sample sizes: n = 100 in Figure 1, and n = 400 in Figure 2. The same pattern
is evident with both sample sizes. In particular, the potential of the conventional
asymptotic distribution to lead to substantial overrejection in small samples is
evident, whereas the alternative distributional approximation of Corollary 1 seems
to be much more effective at controlling the discrepancy between the nominal
and empirical sizes of the test. An analytical comparison of the accuracy of the
nonstandard distributional approximation given in Corollary 1 with the standard
%2 asymptotic theory is a topic for further investigation.

The second set of simulation experiments also involves the consideration of a
test of the hypothesis Hy : f> = 0 in the context of the conditional quantile model
given in (15). In this case, however, we consider the power performance of the
conventional and “fixed-m” Wald testing procedures considered in the first set of
experiments against a sequence of alternatives given by

Hln(c) : ﬂZn = c

ﬁ»

where ¢ > 0 is a constant. In particular, c is specified to take values in a grid of

(18)
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FIGURE 2. Size performance of a 5% Wald test as a function of the smoothing parameter
m, n = 400.

25 equally spaced points in the interval [0, 5].

In this connection, 25 successive sequences of simulated data were drawn from

the “locally location-shift” model given by

c )
yi:xi+ﬁxi+ui, i=1,...,n,
where as was the case in (14), {u;} is i.i.d. N(0, 1) whereas {x;} is i.i.d. N(5,1)
and distributed independently of {u;}. In this set of experiments, the sample size
was fixed at n = 100, and 500 replications and a nominal size of 5% were used as
before.

Figure 3 summarizes the result of this second set of simulations, which plots
empirical rejection probabilities against ¢, where ¢ > 0 indexes each sequence
of local alternatives given in (18). As was the case in the first set of simu-
lations, the focus is on empirical rejection probabilities derived from the )(12
and “fixed-m” limiting distributions of the Wald statistic given in (16). The
comparison involves power performance associated with critical values derived
from the bootstrap approximation to the fixed-m limiting distribution given in
Corollary 1 and those obtained using the conventional )(12 asymptotic distribu-
tion. Empirical rejection probabilities for fixed-m critical values corresponding
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FIGURE 3. Local power performance of a 5% Wald test, n = 100.

to m € {10, 20, 30, 35} were investigated, whereas the setting m = 20 was used
with the standard )(12 critical value. In this connection, it is noted that a value of
m = 20 is the approximate value of m corresponding to a sample size of n = 100
implied by the asymptotically optimal bandwidth sequence proposed by Hall
and Sheather (1988) for Wald-type inference regarding a univariate population
median and is representative of common empirical practice.!* The display in
Figure 3 repeats the pattern of Figures 1 and 2 in that at ¢ = 0, the standard
X%-Wald test implemented using the Hall and Sheather (1988) bandwidth is over-
sized, whereas the four fixed-m Wald tests have accurate sizes. On the other hand,
the nonstandard procedures are conservative relative to the conventional Wald
test over the range of local alternatives considered.

NOTES

1. See, among others, numerical evidence presented in De Angelis, Hall, and Young (1993),
Buchinsky (1995), and Horowitz (1998).

2. In particular, see Figure 1 in Section 4.

3. E.g., Koenker (2005, p. 122).

4. E.g., Koenker (2005, Thm. 4.1).

5. See, e.g., the estimator of D (a) used by Hendricks and Koenker (1992).
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6. See, e.g., Koenker (2005, Sect. 2.2.1).

7. The 7;(a) have been termed regression rank scores by Gutenbrunner and Jureckova (1992).

8. See, e.g., Mukhin (1985, 1991) for more information on conditions under which local limit
theorems hold. From the point of view of empirical applications, restricting o to be rational does not
appear to be terribly restrictive. In any case, the rationals are dense on [0, 1].

9. Further details are available in Knight and Goh (2008, App. A.1).

10. It is similarly straightforward to derive the limiting distribution of the endpoints of the interval
containing the values of m such that ﬂAn (a4 (m/n)) = ,é,l (). This leads naturally to expressions
for the limiting distributions of the length of this interval and of the number of “regression-quantile
breakpoints”—a problem previously considered by Portnoy (1991). See Knight and Goh (2008,
pp. 7-8) for further details.

11. Inlight of the results of Sakov and Bickel (2000) for the special case of the i.i.d. location model,
use of resampling techniques involving resamples of size strictly smaller than the original sample may
in fact be preferable.

12. It is noted that consideration of the regression-quantile process is natural in assessments of
lack of fit in a quantile-regression setting and also in analyses of the effect of changes in the design
variables on the conditional response distribution. See Koenker and Machado (1999) and Koenker and
Xiao (2002) for general discussions of this problem.

13. Gutenbrunner and Jurec¢kova (1992, Thm. 1).

14. For tests of sharp hypotheses regarding the value of the a-quantile of a population, Hall and
Sheather (1988) consider Edgeworth expansions for the asymptotic distribution of the corresponding
sequence of studentized univariate sample quantiles and propose the rule-of-thumb bandwidth hyg =

113
n_(1/3)z3/3 [%ﬂ , where z; is the (1 — (z/2))-quantile of an N (0, 1)-random variate and 7 €

(0, 1) denotes the desired size of the test. Here s(-) denotes the quantile density function of an N (0, 1)-
random variate, i.e., for a € (0, 1), s(a) = 1/((;5((13_1 (a))). In the case of the set of simulations

considered here with a = 0.5, 7 = 0.05, and n = 100, hgg = 0.2093, which yields an implicit value
of m = hyg x 1003~ = 20.
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APPENDIX A: Proofs

A.l. Proof of Lemma 1. The argument that follows is simply an elaboration of the
asymptotic normality argument given in Bassett and Koenker (1978). In particular, let
W (a) denote the limit of W, (a) = ﬁ(ﬁn (a) —,B(a)). Consider the joint density
of (XT,...,/'t';,T](oc),...,7:1(oc),WT(oz))T with respect to the dominating mea-
sure H;lzl ,u(dwj) x v(dT) - A(dw) x 1{7’ € (—a,l— a)d}, where 4 denotes Lebesgue

d
—_—~
measure. Let By, By, and B3 be Borel sets in RY x ... x Rd, (—a,1 —a)d, and Rd,
respectively. Let H be a subset of d elements from {1, ...,n}, Qg the d x d matrix with
columns {x; :i € H}, and

1 -1
Vi(w,Qp) = v, (e——wTw)Q x;.
n i%—] a i \/71 i H i
Then

P [{z; i € Hu(a)} € By, {1j(a) : i € Hp(a)} € By, W € B3]

—n=@2 3 /|QH|]‘[f,~(n—(l/%fw)P[Vn(w,QH)eBz}z(dw).
QHEBl B3 ieH

From Assumption 4 we have
nd2P [V, (w,Qp) € By

1Qu T, x (/) N _w D@Dy Dy (@)w o
Qra(l —a)?/2|Dy|1/2 P 20(1—a)

=v(By)-

This implies that

P{z;:ieHn(a)} € By, {1i(a):i € Hp(a)} € By, Wy(a) € B3]
1Qu PTI_, x(@)) { wTDl(a)DO_IDl(a)w}
p|-

=v(B2) ”_d/ ex
) QHZEBI By [2r (1 —a)19/2| Dy|1/2 20(1 —a)

-Aldw) + o(1).
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d
—N—
Now note that for any Borel set By CRdx---de,
—d 2 p 1 1 d112 d j
TR Y VIEE T M POl [ § I
QpeB *J By j=1
It follows that the joint density of (X, ..., X;lr, Ti(@), ..., Ty(a), WT (a))T is given by

h(wl,...,md,r,w)

2 .
|[=!...2]]| H;lzlk(w/) wTDl(a)Do_lDl(a)w d .
= 17 exp | — I1 x@az’)
d!2ra(1—a))d/2|Dy|/2 2a(1 —a) i
v(dT) - Adw) -1 [T e (~a,1 —a)d} .
The desired conclusion follows. n
A.2. Proof of Lemma 2. Fore¢;(a)=Y; — w;r,B(a), define the point process

M, (Ax B) = il[nei(a)eA, x e B,
i=1

which in turn converges in distribution to the Poisson process M.
Note that

My(AxB)= Y 1 [ne,-(a)—miTQ;Ign €A, e B} ,
i¢H, (@)

where Q,, is a d x d matrix with columns denoted by ;, i € H, (a), and &, is a vector
with components ne; (o) for i € H,(a). The conclusion follows by arguing conditionally

given Q"¢ and observing that Q'¢, = Op (nl/z). u
A.3. Proof of Theorem 1. Applying the identity
sl =0) = pulu) = =vys)+ [ (1 < 5) = 10 < 0))ds,
we have
Pat ) =) = Pk () = =1 [+ 2 = 1(u < 0)] 1 #0)
+par(m/n) (=) 1 =0)
+/0t[1(u <s)—1(u <0)]ds.
It follows from Lemmas 1 and 2 that, for each wu,

m
Ziw == Y ofu- Y w@alut Y sz w
" igH(a) i€ty (a) i€t (@)

n mTu
+Z/O l [1 (néi(a)gs)—l(ngi(a) <0)]ds
i=1
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d d

d

- —m/uT:c,u(da:)— 2 7;uTXj + 2 pl_a(uTXj)
J=1 Jj=1

XkTu
+z/ [1(Tg < 5)— 1 (I <0)] ds.
k2070

As mentioned in Section 2, the convergence in distribution of n ﬁn (a+ (m/n))— ,@n (a)}
|

follows from the convexity of the objective function Z, (-).



