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ABSTRACT

We show that the zero locus of an admissible normal function on a smooth complex
algebraic variety is algebraic. In Part II of the paper, which is an appendix, we compute
the Tannakian Galois group of the category of one-variable admissible real nilpotent
orbits with split limit. We then use the answer to recover an unpublished theorem of
Deligne, which characterizes the sls-splitting of a real mixed Hodge structure.
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1. Introduction

Let S be a complex manifold and H be an integral variation of pure Hodge structure of weight
w < 0 which is defined on a Zariski open subset S of S. Saito [Sai96] defines an admissible normal
function on S with respect to S to be an extension class

0—-H—V—Z(0)—0 (1.1)
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in the category VMHS(S )agd of variations of mixed Hodge structure on S which are admissible
relative to S. Via Carlson’s formula [Car87], an admissible normal function corresponds to a
holomorphic section v : S — J(H) of the associated family of generalized intermediate Jacobians
J(H) — S which satisfies a version of Griffiths horizontality and has controlled asymptotic
behavior near the boundary of S in S. The purpose of this paper is to prove the following.

THEOREM 1.2. With the above conventions, let v : S — J(H) be an admissible normal function
with respect to S. Let Z= Z(v) ={s€ S:v(s) =0} denote the zero locus of v. Then the
topological closure of Z in S is a closed analytic complex subspace of S.

In this paper we use the notation NF(S, H)%d to denote the group of normal functions
v:S — J(H) which are admissible with respect to S as above. If S has an algebraic structure,
then, by Nagata and Hironaka, there exists some smooth algebraic compactification S. However,
for S algebraic the notion of admissibility is independent of the choice of smooth compactification
S of S [Sai96, Remark 1.6(i)]. Therefore we follow [Sai96] and write NF(S, H)2d instead of
NFE(S, H)%d for the group of admissible normal functions on S. The following corollary is then
immediate from GAGA [Ser56].

COROLLARY 1.3. If S is algebraic then the zero locus of an admissible normal function v : S —
J(H) is an algebraic subvariety of S.

For w = —1 the assertion of Corollary 1.3 was a conjecture of Phillip Griffiths and Mark
Green. At least in the case that w = —1, Theorem 1.2 has also been proved by Schnell [Sch12].
In Schnell’s work it is a consequence of the existence of a ‘Néron model” extending the family
J(H) — S over S. The full theorem is used in our joint work [BPS08] with Schnell where we
prove the generalization of the theorem of Cattani, Deligne and Kaplan to admissible variations of
mixed Hodge structure. The paper [KNU10] by Kato, Nakayama and Usui indicates a proof of
the theorem using the log classifying spaces developed by those authors.

To prove Theorem 1.2, it suffices (Theorem 3.5) to consider the case that D = S\S is a normal
crossing divisor. Working locally on S, we are then reduced to proving the following theorem.

THEOREM 1.4. In the context of Theorem 1.2, suppose D := S\ is a normal crossing divisor and
that p € D is an accumulation point of Z. Then there exists an open polydisk P C S containing
p and an analytic subvariety A of P such that ANS=ZNP.

Overview

The first part of this paper is devoted to the proof of Theorem 1.4. In § 2 we review and extend the
theory of variations of real mixed Hodge structure in VMHS(A*T)ZdT. These have a very concrete
local normal form which can be expressed in terms of matrix-valued holomorphic functions.
We state several results concerning the asymptotics of these variations in §2, in particular
Theorem 2.30, which is a strong boundedness result. Some of the proofs, in particular the proof
of our main boundedness result Theorem 2.30, are deferred to §9.

In §3, we reduce the proof of Theorem 1.4 to the analogous statement on a polydisk. In §4
we use the results stated in §2 to give an explicit system of equations for Z on a punctured
polydisk A*".

The remainder of the first part of the paper is devoted to the proofs of the results concerning
variations of real mixed Hodge structure stated in § 2.

The second part of the paper is an appendix, which proves results of Deligne on the sls-
splitting stated in an unpublished letter to Cattani and Kaplan [Del93]. We interpret Deligne’s
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results as the computation of the Tannakian Galois group of the category Split; consisting of
admissible nilpotent orbits (in one variable) whose limits are split over R. The group in question
is very similar to Deligne’s group M whose category of representations is the category of real
mixed Hodge structures [Del94]. Part of this work consists in explaining what a one-variable
SLs-orbit is in terms of the representation of a real reductive group of rank 3, which we call the
Schmid group. This is probably well known to the experts and implicit in Schmid’s paper [Sch73],
but to the best of our knowledge it has not yet been written down explicitly.

Notation
We use the following notation:

— A" is a polydisk with holomorphic coordinates s = (s1, . . ., $;);
— A C A" is the set of points where s; - - - s, # 0;
— U" C C" is the product of upper-half planes;

— points z=(z1,...,2,) €C" are written z=2x+iy where = (z1,...,2,), and y=
(yl, e, yr) ERT;
— m:U" — A*" is the covering map given by s; = €?™% for j=1,...,7;

— the underlying vector space of a filtration or mixed Hodge structure is denoted V, and if V'
is defined over a subring R of C the associated R-module is denoted Vp;

— elements of GL(V') act linearly on filtrations of V', e.g. (g- F)P = g(FP?), and elements of
GL(V) act on endomorphisms of V via the adjoint action, i.e. g-Y =gY g~ L.

ParT I. ZERO LocIi oF ADMISSIBLE NORMAL FUNCTIONS

2. Admissible variations on the punctured polydisk

Here we collect results about the structure of variations of mixed Hodge structure on the
punctured polydisk A*" which are admissible relative to the polydisk A”". In this section, all
variations of mixed Hodge structure will be variations with real coefficients and the emphasis
will be on asymptotics.

Deligne gradings
Given an increasing filtration W of a finite-dimensional vector space V over a field of
characteristic zero, a grading of V' is a semisimple endomorphism Y of V' such that, for each index
k € Z, Wy, is the direct sum of Wj_; and the k-eigenspace Ei(Y) for each index k. By a theorem
of Deligne [Del71], a mixed Hodge structure (F, W) induces a unique, functorial decomposition
Ve = @ I(;W) or simply @ A (2.1)
T8 T8
of the underlying complex vector space V¢ such that:
(@) PP =@, I'"
(b) Wie=,per I
(c) IP7=]%P mod @Kq s<p Ims,
Here F' is the Hodge filtration and W is the weight filtration.
In particular, a mixed Hodge structure (F,W) induces a grading Y(gy of V¢ by the
requirement that Y1y acts as multiplication by p + ¢ on 9. We sometimes write V"* instead
of I™® when this is the only bigrading of V' in sight.
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Local normal form

Let V be an admissible variation of graded-polarized mixed Hodge structure over a punctured
polydisk A*" with unipotent monodromy 7} = eMNi about sj =0, with weight filtration W. Let
V be any fiber of V and define g to be the Lie subalgebra of gl(V') consisting of all elements
which preserve W and act by infinitesimal isometries on Gr'V V. Then, the limit mixed Hodge
structure (Foo, M) of V induces a mixed Hodge structure on g. We write g"* for the corresponding
decomposition of g¢ by the complex subspaces IP4. There is then a distinguished vector space
decomposition

gc=a®g=, a=ED g(r_u (2.2)
r<0,s

where g(g"" is the stabilizer of the limit Hodge filtration. Relative to this decomposition, we can

then write (cf. [Pea00, (6.11)]) the period map
F:U"—-M
of the pullback V to the universal cover 7w : U" — A*" as
F(z1, ..., 2)=exizNiglsnms) L p (2.3)

where I'(s) is a g-valued holomorphic function which vanishes at the origin. This is called the
local normal form of the variation V.

Nilpotent orbits
If YV — A* is an admissible variation of mixed Hodge structure over the punctured polydisk A*"
with local normal form (2.3) then the associated map

0(z1,...,2)=e=i %l f

from C" into the ‘compact dual’ of M is called the nilpotent orbit of V. (See [Pea00] for the
notion of compact dual.)

In general, given a classifying space M with ‘compact dual’ M, a nilpotent orbit with values
in M is a holomorphic, horizontal map

Fnﬂp(zl,...,zr):ezj ziN; F(CT—>M (24)
such that:
a) Ni,..., N, are nilpotent, mutually commuting elements of the Lie algebra gg:=gc N
R C
al(Vr);

(b) there exists a constant K > 0 such that
Fnﬂp(Zl, e, Zr) e M
for all z € C" with Im(z;) > K.

In particular, Fyj, defines a variation of mixed Hodge structure Vyj, on the set of points in A™"
where |s;| < e~ 2K Accordingly, we say that Fritp is admissible if Vyi, is admissible.

Via the formula (2.4), a real nilpotent orbit is completely determined by the data
(N1, ..., Ny F,W) consisting of nilpotent operators Ni,..., N, on a real vector space V
together with a decreasing filtration F' of V¢ and a decreasing filtration W of V.

Remark 2.5. For the remainder of this paper, we will suppress the data of the graded-polarization
when discussing nilpotent orbits.
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Given an admissible nilpotent orbit (Ny, ..., N,; F, W), define

N(Z) = Z Zij.
J

In [Kas86] Kashiwara proved the following results concerning relative weight filtrations
associated to admissible nilpotent orbits. (We refer to [Kas86] for the notion of a relative weight
filtration.)

THEOREM 2.6. Suppose (Ny, ..., N,; F, W) is an admissible nilpotent orbit. Then the following
are true.

(a) The relative weight filtration M (N (v), W) exists for every vector v € RLj.

(b) For each subset I C {1,...,r}, let C(I) denote the monodromy cone ), ; R-oN; in gg.
Then the filtration M (C(I), W)= M (N, W) is constant for N € C(I).

(¢c) Let I={1,...,r} and M = M(C(I),W). Then, (F, M) is a mixed Hodge structure with
respect to which each N; is a (—1, —1)-morphism. More generally, if I is a subset of
{1,...,r} with complement I’ then

0r = (exp(Z szj) - F, M(C(I), W)) (2.7)

Jer
is an admissible nilpotent orbit, and each N; € I is a (—1, —1) morphism of the mixed Hodge
structure on the right-hand side of (2.7).

(d) If I and J are subsets of {1,...,r} then
M(C(I),M(C(J),W))=M(C(IUJ),W).

Deligne systems

Let (N1, ..., N,; F, W) define an admissible nilpotent orbit and let W°, ..., W7 be the sequence
of increasing filtrations defined by the requirement that W% = W and W7 = M (N i WJ=1). Then,
by a theorem of Deligne [BP09, Del93, Sch01], the data (N1, ..., N, Y{gpw)) defines a sequence
of mutually commuting gradings (in the notation of [BP09, (3.3)])

Y'=Yipur, Y T'=Y(N,YT), ... (2.8)

such that Y* grades W¥. Furthermore, if (F, W") is split over R this construction gives the
corresponding gradings of the SLy-orbit theorem [CKS86, KNU0S]. More precisely, let (F', W)
denote the slp-splitting of (F, W), and {Yj } be the corresponding system of gradings. Let
H = Vi — Vi1t and N. ;7 denote the component of N; with eigenvalue zero with respect to ad yi-t
for j=1,...,r. Then, each pair (Nj, I:Ij) is an slo-pair which commutes with (Nk, I:Ik)

Our main interest in Deligne systems will be in the grading

YO = Y(va Y(N27 ERI) }/(F,WT))) (29)

obtained by applying the construction in (2.8) recursively.

Note that the proof of Deligne’s theorem is pure linear algebra. In particular, it applies
to situations that do not necessarily arise from Hodge theory. In the terminology of [Sch01,
Definition 2], a finite-dimensional vector space V equipped with a finite increasing filtration W9
and  commuting nilpotent operators Ny, ..., N, and an operator Y preserving W0 is called a
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Deligne system if:
i) Wit = M(N;,q, W7) exists for j > 0;
J
(i) Wj+1|W;‘ = M(Njt1, Wj\wg)a for each j and ¢ and each ¢ < j;
(iii) N; € W?, End(V) for i < j and N; € W) End(V) for i > j;
(iv) Y™ splits W™ and preserves each W*. Moreover [Y", N;] = —2N; for all i.

Deligne’s theorem [Sch01, Theorem 2], shows that the data (Nj ..., N,; W°) of a Deligne system
gives rise to a system of splittings Y* of the W* as above.

In particular, if we start with an admissible orbit (Ny,..., N,.; F, W) and choose vectors
V1, ...,vq € R" such that the N(v;) all lie in the closure of the monodromy cone C'({1,...,r})
and Y7, v; € R, then the data

(N(Ul)vaN(Ud)vFa W) (210)

again defines an admissible nilpotent orbit. Thus we obtain a system of gradings as above and,
in particular, a grading Y =Y (N (v1), Y (N (va), - - -, Yigan))) of W.

Remark 2.11. If (F, W) is a mixed Hodge structure then the data (N =0, F, W) determines an
admissible nilpotent orbit for which the associated grading (2.9) is just Yz .

Splittings
Let (F,W) be an R-mixed Hodge structure with underlying vector space V, and gl(V)=
D.» gl(V)®? be the bigrading (2.1) for the mixed Hodge structure induced by (F, W) on the
Lie algebra gl(V'). Define
Ay = €D sl (2.12)
a,b<0
Then, on account of the defining properties (a)—(c) of the bigrading (2.1) it follows that

P,q

Ipﬂl — g'I(F7W)

(g~F,W)
for all g € exp(A(fFl,’V;;).

THEOREM 2.13 (Deligne, [CKS86, Proposition 2.20]). Given an R-mixed Hodge structure
(F, W) with underlying vector space V', there exists a unique, functorial element

§egl(Ve)N A(—F{;V;
such that (e=* - F, W) is split over R. Every morphism of (F, W) commutes with ; thus the

morphisms of (F, W) are exactly the morphisms of (e™ - F, W) which commute with this
element.

The proof of Lemma 6.60 in [CKS86] contains the implicit construction of another functorial
splitting operation (cf. [CKS86, (3.30)])

(F,W)— (e - F, W) (2.14)

on the category of R-mixed Hodge structures which is optimal for the study of nilpotent orbits.
More precisely, if for any mixed Hodge structure (F, W) we define

Yrw)=Ye-<crw (2.15)

then one of the major components of the SLa-orbit theorem of [KNUOS8] can be stated as follows.

1918

https://doi.org/10.1112/50010437X1300729X Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X1300729X

ZERO LOCUS

THEOREM 2.16 [KNUO8|. Let (Ny,..., Ny; F, W) generate an admissible nilpotent orbit and
let y(m) € R" be a sequence of positive real numbers such that the ratios y;1(m)/y;(m) tend

to 0 for j=1,...,r upon formally setting y,+1(m) = 1. Then,
im Yiewaon.pwy =Y (N, Y(Na, ..., Yipwn)). (2.17)

In this paper, we call the splitting operation (2.14) the sly-splitting. In [KNUO08], (2.14) is
called the canonical splitting operation and ¢ is denoted as e(F, W). The proof of Lemma 6.60
in [CKS86] gives a recursive formula for £ in terms of the Hodge components of Deligne §-splitting
for (F, W). In Corollary 12.7, we prove the following result, due essentially to Deligne.

THEOREM 2.18 [Del93]. The sly-splitting is the unique, functorial splitting of R-MHS which is
given by universal Lie polynomials in the Hodge components of Deligne’s d-splitting such that if
(e*N . F, W) is an admissible nilpotent orbit with limit mixed Hodge structure (F, M) which is
split over R then the Deligne grading of the splitting of (!N - F, W) is a morphism of type (0, 0)
for (F, M).

Remark 2.19. Tt follows from [CKS86, Lemma 3.12] that (¢! - F, W) is a mixed Hodge structure
whenever (eZN - F, W) is an admissible nilpotent orbit with limit split over R, because, in that
case, the graded quotients Gr'V' are SLa-orbits.

The notion of Deligne system does not appear in [KNU08]. To extract (2.17) from [KNUO0S],
we need the following lemma from an unpublished letter of Deligne to Cattani and Kaplan. The
reader can find a proof in Remark 13.6 of Part II.

LEMMA 2.20 [BP09, Del93]. Let (N; F, W) be an admissible nilpotent orbit (in one variable)
with limit mixed Hodge structure (F, M) split over R. Then

Yiev.pwy =Y (N, Y(r ) (2.21)

In particular (cf. [BP09, Del93, KP03]), it follows from (2.21) and Theorem 2.18 that
Y (N, Y(gar) is a morphism of type (0,0) for (F, M). We will use the following extension of
this result.

LEMMA 2.22. Let (Ny, ..., N,; F, W) define an admissible nilpotent orbit. Then,
Y = Y(Nh Y<N27 SRR Y(NT7 YY(F,WT))))

preserves the Deligne subspaces IP4 of (F, W"). Furthermore, if (E, W") = (¢~¢- F, W) is the
slo-splitting of (F, W") then

Y(NLY(Nay o Y (N Yip ) =€ 8 Y (NL Y (Vo Y (N, Yien))).
Proof. See Lemma 5.8. a

Remark 2.23. Implicit in the second part of Lemma 2.22 is the statement that £ preserves each
weight filtration W7, This is explained in the proof of Lemma 5.8.

For future use, we record the following lemma.

LEMMA 2.24. Let o be a morphism of type (—1, —1) for the mixed Hodge structure (F, W).
Then, (et - F, W) = (F, W) for both the Deligne and the sls-splitting operation.
Proof. By [CKS86, Proposition 2.20],

—2i8 (1 )

Yipow) =e Y w)
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for any mixed Hodge structure (F’, W). Using this formula and the fact that Deligne’s splitting
commutes with morphisms of mixed Hodge structure it easily follows that

5(6’7“-F,W) = 5(F,W) + 1«
since a is a (—1, —1)-morphism of both (e!®-F, W) and (F,W). To obtain the analogous
assertion for the slo-splitting one uses the fact that e is given by universal Lie polynomials

in the Hodge components of ¢ and the fact that [079, o] =0 since [0, o] =0 and « is of type
(—1,-1). O

Limiting gradings
The (standard) vertical strip in U" is the set of points

I'={z=z+iy|z; €[0,1],y; €[1,00) Vj}. (2.25)
For a point z =z + iy € U" we define t; = y;+1/y;, where we formally set y, 11 = 1. Let .S, denote
the group of permutations of {1, ..., r} and let o € S" act on C" by permuting coordinates. Then,
I= ] o' (2.26)

c€eS,

where I' ={z € I|t; € (0,1] Vj} is the set of points where y1 > y2>--- >y, > ypy1 = 1.

DEFINITION 2.27. A sequence of points z(m)=xz(m)+iy(m) in I’ is said to be tame if
limy, 00 zj(m) and limy, .o tj(m) exist for each index j. A tame sequence is said to be an
sla-sequence if there exists:

(a) a linear transformation 7' : R? — R";
(b) a sequence v(m) € RL;
(c) a convergent sequence b(m) € R";
such that
y(m) = T(w(m)) + b(m)
and limy, o0 vj41(m)/vj(m) =0 for j=1,...,d (with vg11(m)=1 as usual). An sly-sequence
is said to be strict if d =r, b(m) =0 and T is the identity.

In particular, since (2.26) is a finite union, we have the following lemma.

LEMMA 2.28. Let z(m)=x(m) +iy(m) €l be a sequence of points. Then, there exists an
element o € S, and a subsequence z(m') of z(m) such that o(z(m')) is an sly-sequence.

Given an slp-sequence with associated linear transformation 7' as above, let {e1,...,eq}
denote the standard basis of R? and define 6" =T(e;). Then, while neither d nor the
transformation 7': RY — R" is uniquely determined by the slp-sequence y(m), the associated
flag defined by the increasing sequence of subspaces

QJ = Z RO (2.29)
i<j
depends only on the sequence y(m). Moreover, since y(m) € U", it can be arranged that T is
injective and @' € Ry, i=1,...,d.

Accordingly, we henceforth assume 01, ..., 0% ¢ RZ,. With this assumption in place, it then

follows from (2.10) that

(N(8Y), ..., N(6%); F, W)

is also an admissible nilpotent orbit.
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We are now ready to state our main theorem concerning the asymptotic behavior of variations
of mixed Hodge structure.

THEOREM 2.30. Let V be an admissible variation of mixed Hodge structure on a poly-
punctured disk A*" with unipotent monodromy and associated local normal form (2.3). Let
z(m) = x(m) + iy(m) be an sly-sequence with corresponding flag (2.29). Then,
Jim N Yy =Y (N(0Y), Y (N(67), ., Y ypy)- (2.31)

Remark 2.32. The statement of (2.31) implicitly assumes that y; — oo for each j. In the case
where only y1, ..., y, diverge, the limit Hodge filtration F,, should be replaced by

lim e =N P (2(m))

m—00
and the weight filtration W7 should be replaced by W¥. In the extreme case where z(m) is
bounded, £ =0 in the previous equation and Theorem 2.30 is just the continuity of the slo-
splitting.

The proof of Theorem 2.30 will take up most of this paper. However, we would like to bring to
the reader’s attention the obvious fact that, as the left-hand side of the equation in the theorem
depends only on the choice of flag (2.29) the right-hand side must also depend only on the choice
of this flag. It is an elementary exercise using Corollary 5.12 to show that the right-hand side of
(2.31) depends only on the flag ©.

Remark 2.33. Theorem 2.30 has also been obtained independently by Kato et al. in a private
communication in their study of classifying spaces of degenerations of mixed Hodge structure.
In particular, as part of their study of log intermediate Jacobians [KNUO08], they obtain an
independent proof of Conjecture 1.2.

Finiteness
One immediate corollary of Theorem 2.30 is the boundedness of the function z — f/( F(z),W)-

COROLLARY 2.34. Let F(z) be the period map of an admissible variation of mixed Hodge
structure over A*". Let I denote the standard vertical strip (2.25) for U". Then the function
z = Y(p(z),w) Is bounded on I.

Proof. Otherwise, we can find a sequence of points z(m) € I on which Y( F(z(m),w) 18 unbounded.
Passing to an slp-subsequence, we then obtain a contradiction to Theorem 2.30. O

This boundedness gives rise to finiteness, which will be important for integral variations.

COROLLARY 2.35. Let V be an admissible variation of integral mixed Hodge structure over A*"
with unipotent monodromy. Then, with the notation as in Theorem 2.34, the set ) of integral
gradings in the image of the map z — Y(p(z)w) as z runs over the vertical strip I is finite.

Proof. 1f Y(p(;)w) is an integral grading, then (clearly) it is a real grading. It follows that

Y(F(z)’W) =Y(p(2),w)- (To see this, note that, in the terminology of [KNUO08, §1.2], 6(F, W) =0
and this implies that €(F, W) = 0.) Therefore, the set of integral gradings of the form Y{p(,), W)
as z ranges over [ is bounded and discrete. Thus it is finite.
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3. Reductions

Our next job is to reduce Theorem 1.2 to the case that S is a polydisk and S is a punctured
polydisk. We begin with a review of some features of germs.

3.1. Let X be a topological space. Write S for the presheaf (in fact, a sheaf) associating to
every open U C X the set of all subsets of U. (If V C U, the map S(U) — S(V) is given by
Z +— ZNV). The set of subset germs at a point x € X is the stalk S;. If Z C X then the germ
of Z at x is the image of Z in &, .

3.2. If X is a complex analytic space we write A for the presheaf (also a sheaf) associating to
every open subset U of X the set of all complex analytic subspaces Z of U. The set of germs of
complex analytic subspaces at a point x € X is the stalk A,. We write A" for the subsheaf
of reduced subspaces. There is an obvious inclusion A" — S. We say that a germ Z € S, is
analytic if it is in the image of this inclusion.

3.3. Let X be a reduced complex analytic space, let x € X and let Z € S, be a subset germ. We
say that f € Ox, vanishes on Z if there is an open neighborhood U of x such that f is regular
on U and vanishes on a subset Zyy of U whose germ is Z. We write 7z, for the set of all f € Ox
which vanish on Z. Clearly, Iz, is an ideal in Ox ;. By the Noetherian property of Ox , it is,
therefore, finitely generated. We define the Zariski closure ClZar, Z of Z at x to be the analytic
subspace germ corresponding to Zz ;. We say that Z is Zariski dense at x € X if ClZar, Z is the
germ associated to X. Then Z is Zariski dense at x if any f € Ox , regular on a neighborhood
U of x and vanishing on U N Z vanishes identically on a neighborhood of x. A subset Z of X is
Zariski dense in X if it is Zariski dense at every point z € X.

3.4. Let S be a complex analytic space with Zariski dense regular locus greg (for example,
any reduced complex analytic space). Let S C S’reg be a Zariski open subset. A variation of
mixed Hodge structure V on S is admissible relative to S if, for any resolution of singularities
7:T — S with T:=7"1S biholomorphic to S, Vr is admissible relative to 7. Note that
if the above property holds for one resolution of singularities T — S it holds for all. This
defines a category VMHS(S)%d which is, in fact, equivalent to the category VMHS(T )aTd for
any resolution T'— S. If H is a variation of Hodge structure of negative weight on S, we

define NF (S, H)agd = EXt%/MHS(S)%d (Z,H) = NF(T, ’HT)%d where 7 : T'— T is any resolution with

7:71(S) — S an isomorphism.
THEOREM 3.5. Let r be a non-negative integer, then the following are equivalent.

(a) Let S=A*", S =A"; let H be a polarized variation of pure Hodge structure of negative
weight, with Hy-torsion free and with unipotent monodromy on S; and let v € NF(S, H)agd . Let
Z(v) denote the closure of the zero locus Z(v) in the analytic topology of S. Assume that the
germ of Z(v) at 0 is Zariski dense at 0. Then, the germ of Z(v) at 0 coincides with the germ of
S at 0.

(b) Let S,S and ‘H be as in (a), but drop the assumption that the germ of Z(v) at 0 is
Zariski dense. Then the germ of Z(v) at 0 is analytic.

(¢) The same statement as in (a) holds without the assumption that Hy, is torsion free.

(d) The same statement as in (b) holds without the assumption that H has unipotent
monodromy.
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(e) Let a and b be non-negative integers with a +b=r, let S = A** x A and S = AP, Let
H be a variation of pure Hodge structure of negative weight on .S and let v € NF(S, H)%d . Then
the germ of Z(v) at 0 is analytic.

(f) Theorem 1.2 holds in the case that S has dimension r and S\S is a normal crossing
divisor.

B (g) Let S be a complex analytic space of dimension r and let S be a Zariski open subset of
Sreg. Let H be a variation of Hodge structure of negative weight on S and let v € NF(S, H)agd .

Then the topological closure Z(v) is the underlying space of a closed complex subspace of S.

Proof. We prove the entire theorem by induction on 7. The equivalence is obvious for = 0 (since
all of the individual statements hold unconditionally).

(a) = (b). Let Z denote the Zariski closure of Z(v) at 0. Shrinking the polydisk S if necessary,
we can assume that Z is an analytic subspace of S and that Z contains Z(v). We can also assume
that dim Z < r. Let vz denote the restriction of v to the regular locus of Z. By induction (g)
applies to show that Z(vz) is a closed complex analytic subspace of Z. Since Z(vz) = Z(V) N Zyeq
is Zariski dense in Z, this implies that Z(v) = Z.

(b) = (c). Let Hyors denote the torsion part of H and Hee := H/Hiors denote the torsion-free
part with 7 : H — Hpee the projection map. Then, for v € NF(S, H)%d we have Z(v) = Z(m(v))
(because Extiys(Z, H) =0 for H a torsion mixed Hodge structure).

(c) = (d). By Borel’s theorem, the monodromy of H is quasi-unipotent. Therefore we can
find a positive integer d such that the pullback of H to A*" via the map f:S — S given by
(21, .., 2z0) = (2%, ..., 23) has unipotent monodromy. By assumption, the germ of Z(f*(v)) at
0 is analytic. Since f is proper, the proper mapping theorem implies that the germ of Z(v) at 0
coincides with the germ of f(Z(v)) at 0 and is analytic.

(d) = (e). We induct on r:=a + b starting with a =b=0 where the statement is obvious.
Forie{l,...,r}set S;:={z€ S:2 =0}, and set Sy = A*". Fori € {0, ..., r} let v; denote the
restriction of v to S;. Then Z(v) =_, Z(v), so Z(v) =iy Z(v;). By hypothesis, the germ
of Z(1p) at 0 is analytic and, by induction, for each i > 0 the germ of Z(1;) at 0 is analytic. It
follows that the germ of Z(v) at 0 is analytic.

(e) = (f). To prove that Z(v) is analytic, it suffices to prove that its germ is analytic at each
point s € S. Since S\S is a normal crossing divisor this follows from (e) and from the obvious
fact that the germ of Z(v) is analytic at every point s € S.

(f) = (g). Set C := S\S. By Hironaka [Hir77], we can find a proper morphism 7:7 — S
where T is smooth, D = 7~1(C) is a normal crossing divisor and 7 : T\ D — S is an isomorphism.
Then, setting T:=T\D, 7 induces an isomorphism m*NF(S, H)agd >~ NF(T, H)i}d [Sai96,
Remark 1.6(i)]. Let v € NF(S, H)%d be a normal function, and let Zr = {se€ T :7*(v)=0}.
Suppose Zp C T is complex analytic. Since 7 is proper, the proper mapping theorem shows that
7(Zr) is analytic and Z = 7(Z2r).

(g) = (a). This is obvious. O

LEMMA 3.6. Let H be a pure Hodge structure of weight w < 0 and with Hyz-torsion free. Let
v € Extyyg(Z, H) be represented by the short exact sequence

0—-H—-V—->7Z-—0 (3.7)
with V = (Vz, F,W). Then v =0 Ypw) € w End(Vz).

Proof. =.If v=0, we have V=7 & H. So, every v € Vz can be written asv=1r+ h with r € Z
and h € H. Clearly, Yz (v) = wh € wVz.
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<. Suppose Y(g ) € w End(Vz). Then the map (1/w)Y{ gy is a morphism of mixed Hodge
structure from V to H inducing a retraction of the sequence (3.7). O

COROLLARY 3.8. Let S, S,H and v be as in Theorem 3.5(b), and let v be given by an extension
0—-H—-V—-Z—0

of variations of mixed Hodge structures on S = (A*)". Let (F(z), W) be the local normal form
of V on U™ with F(z) =eN®el' ) . F . Then

Z(V) = {S €S:s= eQﬂz, }/(F(z),W) € w End Vz}

4. Analyticity of the zero locus

We now prove Theorem 1.2 assuming Theorem 2.30 and the results on the Deligne systems and
the sls-splittings stated in § 2. In fact, we will deduce the theorem as a corollary of a more general
result concerning admissible variations on punctured polydisks.

4.1. Set S=A*", S=A" and 7:U" — S be as in the discussion preceding (2.3). Let V€

VMHS(S )agd with V" and the local normal form of V

F(z) = NOELE) .

as in (2.3). To fix the notation, we remind the reader that N(z) =) zN; with N; € End Vg
and that Vg comes equipped with the weight filtration W. By definition, the limit mixed Hodge
structure is (Foo, M) where M = W" = M(Ny + - -+ + N, W).

For z € U, set Y (z) = Y{p(z),w)- Let I denote the vertical strip (2.25). Then, for each integral
Y7z € End Vg, set B(Yz) :={z€1:Y(2) =Yz} and C(Y) =n(B(Yz)).

THEOREM 4.2. Suppose C(Yz) is Zariski dense at the origin in S for some Yz € End V. Then
C(Yz) = S. Moreover, [N;, Yz] =0 for all i.

Proof. By assumption, 0 is a limit point of C(Y%) in the usual topology. Therefore, we can find
(possibly after permuting the coordinates) an sly-sequence z(m) € I such that Y (z(m)) =Yy for
all m (and z;(m) is unbounded for each 7).

Write z(m) =xz(m) + iy(m) with z,y real and set p=lim,, .o x(m). Write £ for the sls-
splitting of (Fuo, M). (In the notation of [KNUOS8], { = €(Fix, M).) Then, by Theorem 2.30 and
Lemma 2.22,

Y=V Y (N, Y (NP, ... Yip )
=eNWe C Y (N(OY), V(N (62, ..., Y an))-

To simplify the notation, we write Yoo =Y (N (6'), Y(N(6?),...,Y(p_ a))) and E=¢— N(p).
Then, since £ commutes with the N; we have

Yz =€ Yao.

Now, for any operator A on V, write AP for the component of A in g*(V)z_ ). By
Lemma 2.22, Yoo = YU, In other words, Ya preserves the Ifj o ary- Likewise, ad Yoo preserves
the subalgebra q.

LEMMA 4.3. Suppose z € B(Yz). Then
Ly, —eNE Ly, (4.4)
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Proof of Lemma 4.3. Recall that by (2.2) we have g¢ = gg“’ @ q where gg‘x’ stabilizes the limit
Hodge filtration. Therefore, since Y (z) and eV (el () . Y, both preserve F(z) it follows that
Y (z) — eN®el'() . Y preserves F(z) and hence

f(z)= e T~ NG) . Y(z) — Yoo
takes values in gg‘”. On the other hand, since z € B(Yz) and Yz = et Y. we also have
f(z)= e TEe NEDe=€ .y, — v,

In particular, since I'(s), N(z) and € are elements of q and ad Y, preserves q it follows that f(z)
takes values in

gg"" Ng=0. O
LEMMA 4.5. The two linear maps Lo, : C" — End Vi given by z+ [N(z), Yso| and Lz : C" —
End V¢ given by z +— [N(z), Yz] have the same kernels.

Proof of Lemma 4.5. This follows directly from the fact that & commutes with N (2). O

Since Y7 is integral, we can find a subset  C {1, ..., r} such that the [NV}, Yz] form a basis of
L7(Q") as j runs through Q. Thus there exist rational numbers g;; (1 € {1,...,r}, j € Q) such
that

NuYZ Zﬂzy N],YZ]
JEQ

Clearly Bj; =1 for j € Q. Likewise, applying Ad(eg ) to the previous equation, it follows that
[Ni, Yool = > B[N
JEQ
So, since £ commutes with Ny, ..., N, setting L; = [N;, Y], we have
=22 Byal,
JEQ =]
Multiplying (4.4) by e€ and using the fact that £ commutes with N (z), we see that
2€B(Y)=etel®) Y = e VB Ly, (4.6)

Since Yoo = Y3 with respect to (Fso, M) while each N; is a morphism of type (=1, —1), it
follows that
(€N Vo) = [N(2), Yao)-
Set v(s) = (eéer(s) - Y,,)~ 171 This is a holomorphic function on S which by (4.6) must be equal

to
(e—N(Z) ) Ym)—lv—l =Loo(—2)=— Z E BijziL;

jeQ i=1
for z € B(Yz). Since C(Y7z) is Zariski dense at the origin and ~(s) lies in Lo (C") for s € C(Yz),
v(s) must lie in Loo(C") for all s € S. The Lj, j € Q, form a basis of L (C"), and we can therefore

write (s) = _;cq vj(s)L; for s € S.
Therefore

z € B(Yz) = v;(s) Zﬁwzw VijeQ.
=1
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We can find a positive integer b such that 03;; € Z for all 7, j. So we have

pAS B(Yz) = b’yj(s) = Z bﬁijzi, Vi e Q.
=1

Exponentiating both sides we find that
T
2 € B(Yz) = exp(2miby;(s)) = [ [ 577, VieQ. (4.7)
i=1
By our assumption that C(Yz) is Zariski dense at 0, (4.7) must hold identically on S. The left-
hand side of the equation is non-vanishing and holomorphic on a neighborhood of the origin,
this forces f;; = 0 for all 7, j. Thus, since f3;; =1 for j € Q, we have Q =0 and [N;, Y] =0 for
all 4. Since N(z) commutes with Y5, and with &, it commutes with Yz. Thus we have

zeB(Yg) =¥ .Y, =Y.
As the above equation is a holomorphic equation for C'(Y7), it must hold identically. Thus we

have C(Yz) = S. Moreover, since I'(0) = 0, we have Y5, = Y7.
This completes the proof of Theorem 4.2. O

COROLLARY 4.8. Suppose v € NF(S, H)%d and suppose that Z(v) is Zariski dense at the origin
in S with 'H and S as in Theorem 3.5. Then Z(v) = S.

Proof. We write
0O—-H—-V—-Z—0

for the extension corresponding to v. By Corollary 2.35, the density of Z(v) at the origin implies
that there is a Yz such that C(Y7z) is also Zariski dense. Then use Theorem 4.2 to complete the
proof. O

Proof of Theorem 1.2. Corollary 4.8 establishes (a) of Theorem 3.5. Therefore (g) holds as well.
This directly implies Theorem 1.2. O

5. Deligne systems 1

In the remainder of this paper we will work exclusively with admissible variations of R-mixed
Hodge structure.
We now reduce the proof of Lemma 2.22 to a corollary of the following sequence of lemmata.

LEMMA 5.1 [Del93]. If (N; F, W) defines an admissible nilpotent orbit with limit mixed Hodge
structure split over R then, in the notation of (2.8), the sla-splitting of the mixed Hodge structure
(N F, W) is (eN - F,W).

Proof. We have Y ix.py) = Y (N, Y(rn)) by the second line in the proof of Theorem 2 of the
appendix to [KP03]. (In [KP03], the notation Np is used to denote the 0-eigencomponent of
N under the operator Y (N, Y{g ), which is denoted by N in this paper.) It follows from

Lemma 2.20 that Y{ s gy = Y(eiv.par)- Therefore the SLo-splitting of (N . F, W) is equal to

(eiN -FLW). O

Suppose now that (Nq, ..., N; E,, W) defines an admissible nilpotent orbit with limit mixed

Hodge structure split over R. Following the notation of (2.8), let W, ... W be the associated
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system of weight filtrations. Recall that, by [CKS86, Kas86],
(21, . Zr—1) (ezm,l 2N; oiNe o wo)

is an admissible nilpotent orbit, and hence (e!Vr -F,«,W’”*l) is a mixed Hodge structure.
Accordingly,

(215« oy Zp1) (ez’csr—l Nk fr g wo)

is an admissible nilpotent orbit with limit mixed Hodge structure split over R, where
(B, W) = (etNr - F., W) is the sly-splitting of (V" - F,,, W"=1). Tterating this
construction, we obtain a sequence of mixed Hodge structures

(Fjo1, WYy = (¢ By, W) (5.2)
and associated nilpotent orbits

(21, - - -, 2j) > e2omss 26 Ne LB (5.3)

where Nj is defined as in the paragraph after (2.8).

N

In particular, given the data (i, ..., Ny; F., W) of an admissible nilpotent orbit with limit
mixed Hodge structure split over R, the sequence of gradings ifj constructed in (2.8) is given by
Yi = Y(F Wi)- Since Ny, ..., Nj are (—1, —1)-morphisms of (£}, W7), it follows that

[Ny, Hj]=0 (5.4)
for j > k where, as in (2.8), ﬁj =YJi_yi-l,

LEMMA 5.5. Let (Ny, ..., Ny; E,, W) define an admissible nilpotent orbit with limiting mixed
Hodge structure (F', M) split over R. Then,

VO=Y(N1, Y(Nay oo, Y(Ne, Y 1))

preserves F'.

Proof. To begin, we recall that (Nl,fll),...,(](fr,ﬁr) form a commuting system of slo-
representations [Del93, Sch01]. Consequently,
Y7, Ny =0 (5.6)

for j < k. Indeed, this is true by definition for j =k — 1. Suppose that j < k — 2. Then,
(99, M) = —[(F7F1 = 99) o (PR 752) )

By the prior paragraphs, (z) = (e - Fy, W) is an admissible nilpotent orbit with limit
mixed Hodge structure split over R, and hence by Lemma 2.20,

YO(FY) € FY.
Using the identity E, = eXim iN; . and the fact that Y commutes with all Nj, it then follows

from the previous equation that Yo preserves F. O

To pass from admissible nilpotent orbits with limit mixed Hodge structure split over R to
the general case, we now use the following sequence of lemmata.

LEMMA 5.7. Let (Ny,...,N,; F, W) generate an admissible nilpotent orbit with sly-splitting
(F,W")=(e~¢- F,W"). Then, ¢ preserves each associated weight filtration W7,
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Proof. The sly-splitting is functorial and each W7 is a filtration of the limit mixed Hodge
structure (F', W) by subobjects. It follows easily that ¢ preserves each W7, O

We now prove the result stated in Lemma 2.22.

LEMMA 5.8. Let (Ni,...,Ny; F,W) define an admissible nilpotent orbit with sly-splitting
(F,W")=(e~¢- F,W"). Then,
Y(N17 Y(N27 s Y(NT7 }/(F Wr)))) = eié ' Y(N17 Y(N27 sy Y(N’I‘7 }/(F,WT))))
Proof. The operator & commutes with Ny, ..., N, since £ is a universal Lie polynomial in the
Hodge components of Deligne’s d-splitting (e=% - F, W) of (F, W") and § commutes with all
(=1, —1)-morphisms of (F, W"), and hence in particular with Ny, ..., N,. Furthermore, since
Yie-erwn =€ Yipun

and ¢ preserves W'™™! and commutes with N,, we have (by the properties of Deligne’s
construction [KP03])

Y<N7“7 Yv(ﬁ‘,Wr)) =e ¢ Y(Nra Yv(F,WT))'
Iterating this process, we obtain,

Y(N1,Y(No, ., V(N Y,

COROLLARY 5.9. Let (N1, ..., Ny; F, W) define an admissible nilpotent orbit. Then,
Y= Y(N17 Y(N27 RIS Y(NT‘7 YP(F,W’"))))

FWT)))):e_f'Y(NhY(NQM"7Y(NT7YV(F,WT))))' U

preserves the Deligne subspaces [P of (F, W™).

Proof. Let Y denote the analog of Y obtained by replacing (F W) by the slp-splitting (F wm).
Then, Y is real and preserves both F and W". Therefore, Y preserves

p.q
e =FPaFiawy,

By the previous lemma, it then follows that Y preserves I?)¢ ( since F = ¢S - F. O

FWT)
For future reference, we now record the following three results.
LEMMA 5.10. Let (Ni,...,N,; F, W) be an admissible nilpotent orbit with limit mixed Hodge

structure split over R. Let o :R"™" — R" denote the embedding y+ (0,y), and Z(m) be an
sly-sequence in R"™, with associated vectors 67 as in (2.29). Then,

(N1,..., Ny, N((60")), ..., N(o(6%)); F, W) (5.11)
is an admissible nilpotent orbit with the same limit MHS as the original nilpotent orbit. In
particular, if Fy, Fy, ..., is the sequence (5.2) of filtrations associated with the nilpotent orbit
(5.11) then

Y(N@(®"). ... Y (N(@(6).Y") = Vg o
Proof. This is a minor variation on (2.10) and the previous remarks. O

LEMMA 5.12. Let (N', N”; F, W) generate an admissible nilpotent orbit with associated weight
filtrations W' = M(N', W) and W" = M(N",W'). Let Y" =Y pw~). Then, the pairs (N’ +
N"; F,W') and (N"; F, W') generate admissible nilpotent orbits which give the same associated
gradings Y (N’ + N", Y") and Y(N",Y") of W'.
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Proof. Since (e N'+*"N" . [ W) is a nilpotent orbit it follows that N’ is a (—1, —1)-morphism of
(e"N" . F,W') whenever the latter is a MHS, and hence both (N”, F, W') and (N’ + N, F, W')
generate admissible nilpotent orbits with the same limit mixed Hodge structure. Moreover, by

Lemma 2.22 we can without loss of generality assume that (F, W”) is split over R. As such, by
Lemmas 2.20 and 2.24

~

Y(N, + N”, Y”) - }A/(eiN’+iN’/,F7W/) - Yv(eiN”_FJ/V/) == Y(N”, Y”)
since N’ is a (—1, —1)-morphism of (¢/V" | F, W’). O

LEMMA 5.13. Let W be an increasing filtration of a finite-dimensional vector space V over
a field of characteristic zero. Let Y be a grading of W and N be a nilpotent endomorphism
of V such that [Y, N] = —2N. Let 8 € W_1(gl(V))) and suppose that [¢® - Y, N] = —2N. Then,
B € ker(ad N).

Proof. Observe that under the above hypothesis, [¢?-Y — Y, N]=0. Let g = j<0 B—j with
respect to the eigenvalues of ad Y. If 3 #0 then there is a smallest integer k> 0 such that
B_r # 0, and hence

? Y —Y =kB_, mod W_p_i(gl(V)).

Applying ad N to both sides it then follows from the fact that ad N lowers the eigenspaces of
ad Y by 2 that f_; =0. O

6. Deligne systems 11

In [KNUO08], Kato et al. attach to any admissible nilpotent orbit with data (Ni, ..., N,; F, W)
an associated semisimple endomorphism ¢(y). For later use, we now derive a formula for ¢(y)
in terms of the gradings Y7 constructed above. To this end, let us assume for the moment
that (Ny, ..., Ny; F, W) underlies a nilpotent orbit of pure Hodge structure of weight k. Let
(E,, W) denote the sly-splitting of (F, W), and recall that W in this case is the monodromy
weight filtration W (N)[—k] for any element N in the cone of positive linear combinations of
Ni, ..., N,. In particular, since any such N is a (—1, —1)-morphism of (E,, W") it follows that
the pair (N, Y(T)) where
Yoy =Y~k

defines an slp-pair. As above, we can iteratively define Y(j) = Y7 — k using the nilpotent orbit
(N1, ..., Nj; FJ) Define,

T N T T N
- 1Yy, —1k 1ys
=14 = (T15 ™) (I14")
j=1 j=1 j=1
where t; = y;41/y;, and hence t1 ...t =y,11/y1 = 1/y1. Accordingly,
T A
- (3k) 3Y7
t(y) =n H tj :
j=1

By [KNUO08, Theorem 0.5], the mixed version of ¢(y) is to be constructed as follows: if
(N1, ..., Ny; F, W) defines an admissible nilpotent orbit then

A A

0
Y wmpmy =Y
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provided that ¢; — 0 for all j. Let tx(y) denote the semisimple endomorphism #(y) attached
by the previous paragraph to the induced nilpotent orbit of pure Hodge structure of weight

k on Gr}Y. Then, t(y) is constructed by multiplying each tx(y) by v, ° " and then lifting the
resulting semlslmple element to the ambient vector space via the grading Yo, Accordingly, since
the gradings Vo, ,Y" are mutually commuting, it follows that

Htlw. (6.1)

Remark 6.2. For a nilpotent orbit of pure Hodge structure, the elements )A/(j) are infinitesimal
isometries of the polarization. Consequently, although ¢(y) is not an element of G¢ since it is
70

_ly
the twist of an automorphism of the graded-polarizations by y; *>* , the action of Ad(t™1(y))
preserves Gg.

The following result appears in [KNUO08, Proposition 10.4] with slightly different notation.
LEMMA 6.3. Let (N, ..., Ny; F, W) define an admissible nilpotent orbit. Then,
Ad(t () e s = P
where P is a pplynomia] in non-negative half-integral powers of ty, ..., t, with constant term
iNT 413 5.0 N
Proof. By (6.1),

At () Ny, = <H_ tj—;f“) (H tj—;ffﬂ)yka

where Nj is a (—1, —1)-morphism of (Fj, W) for j=k,...,r, and hence [Ny, )7]] = —2Nj.

Consequently,
_ 1y
<Htj 2 >yka:tk...tTyka=Nk.
>k
On the other hand, NN}, preserves W7 for j < k. Therefore,
,%f/j
{15
i<k
is a polynomial in non-negative, half-integral powers of t; for j <k. Taking the limit as
t1,...,t, — 0 it then follows that the constant term of P is i), N£ where N,E is the projection
of Ny, to (Nye i<k ker(ad YJ) with respect to the mutually commuting gradings Y. Accordingly,

Nti Ny, whereas for k> 1, we can first pl“OJeCt onto ker(ad Nj_1) to obtain Nj. By (5.6), Ny,
commutes with Y7 for j < k, and hence Nt = Ny a

Remark 6.4. For nilpotent orbits of pure Hodge structure, this statement appears in [CK89,
Lemma (4.5)]; note however that in [CK89], ¢; is defined to be y;/y;+1 which is reciprocal to our
convention.

7. Relative compactness

Let I and I’ be subsets of U" as in (2.25) and (2.26). Let F:U — M be the period
map of an admissible variation of mixed Hodge structure over A*" with local normal
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form F(z)=eN®el (). Fy as in (2.3). Let t(y) be the associated family of semisimple
endomorphisms (6.1). In this section, we will prove the following result, which is due to Cattani
and Kaplan in the pure case [CK89, Theorem 4.7].

LEMMA 7.1. The image of the set I' under the map

Fzy,. .. z) =t (y)e 2% Pz, ..., 2)
is a relatively compact subset of the classifying space M.

Remark 7.2. In [CK89, Theorem (4.7)], Cattani and Kaplan define t; =y;/y;j+1, which is
reciprocal to our convention.

For each index j=1,...,r let

Li(s)=T(0,...,0,8j41,.--,5).
Then, for each j we have an associated partial period map

Fi(z,. .., 2)=eXxi%Nigli(s) . p (7.3)
which takes values in M for Im(z) sufficiently large. Indeed, (7.3) is the nilpotent orbit obtained
from F(z) by degenerating z1, ..., z;.
Remark 7.4. As in [CK89, Proposition (2.6)], it follows via [Pea00, (6.10)] that

I'; € ker(ad Ni) N - - - Nker(ad Nj). (7.5)

To simplify future notation, we define Fy(z) = F(z) and set

Fi(z1, .., z) =t (y)e 2N Fy(zy, ..., 2,) (7.6)
for j=0,...,7.

DEFINITION 7.7. Let z(m) € U" be an sly-sequence, and suppose that ¢;(m) — 0. Then, we say
that z(m) has non-polynomial growth with respect to y; (or z;) if there exists a subsequence
z(m’) of z(m) such that

d l
. Yialm
lim &,) =0 (7.8)
for every d > 0. In particular, unless a sequence of points z(m) € I’ is bounded, there exists a
smallest index ¢ such that z(m) has non-polynomial growth with respect to y, (since we formally

define y,11(m) =1). If z(m) € I is bounded, we define + = 0.

To employ the notion of non-polynomial growth in aid of the proof of Theorem 2.30 we recall
the following elementary observation about convergent sequences.

LEMMA 7.9. Let X be a topological space. Then, a sequence o,, in ¥ converges to o if and only
if for every subsequence o), of o, there exists a subsequence ol of o}, such that o]l — o.

Given an slp-sequence z(m) and a grading Yy, of W, in order to show that
Y(F(z(m)),w) = Yiim,
it is sufficient to show that, for every subsequence z'(m) of z(m), we can find a subsequence
2"(m) such that

Y(rrm)),w) = Yiim-
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In particular, since each z'(m) is an sly-sequence, it has a corresponding smallest index ¢ with
respect to which it has non-polynomial growth, and hence we can pass to a subsequence z”(m)
of 2/(m) for which (7.8) holds for y,.

As such, it is sufficient to prove Theorem 2.30 for sly-sequences z(m) satisfying (7.8) since
the right-hand side of (2.31) only depends on the original sequence z(m) and the associated
nilpotent orbit. Moreover, we may pass to a subsequence of z(m) as necessary.

THEOREM 7.10. Let z(m) =xz(m) + iy(m) € I' be an sly-sequence. Let ¢ be the smallest index
with respect to which z(m) has non-polynomial growth with respect to y,. Assume that (7.8)
holds on z(m). Then,

lim Yz (n)),w) = Y(F.(2(m)) W) =0 (7.11)

m—0o0

upon passage to a suitable subsequence.

Proof. Assume Lemma 7.1. If : = 0, then (7.11) is a tautology because F, = F.

Assume therefore that ¢ > 0 and observe that both F(z) and F,(z) arise from period maps
with the same nilpotent orbit, and hence the same associated family (6.1) of semisimple
endomorphisms ¢(y). Therefore,

 NW) L)L) L) .

= Ad(eNW) (e Tl iN W)l s) L B
= Ad(eNW) (Gl e TN e N@ LB (2, 2).
Consequently,
F(z) =t (y)e V@ . F(2)
=t (y) Ad(eNW) ("D T O i(y)t (y)e N L Fy(z, . 2)
— Ad(E (1)) (Ad(eN ) (D)) L f (2)
— B . FL(Z)
where

Bl = Ad(fl(y))(Ad({fm(y))(ep(s)ff“s)))
= Ad(Ad(t ()™ @) Ad(t () (e We T 1)),
By Lemma 6.3, we know that
Ad(E™ (y)) (5 9:) = P (7.12)
where P(t) is a polynomial in non-negative half-integral powers of ¢y, ...,t, (with constant
term). Accordingly,
B = Ad(eP®) Ad(t (y)) (" e (),
To analyze the asymptotic behavior of eB(Z), define f(s) € q to be the unique nilpotent

operator satisfying
ef‘(s) _ eF(s)e—FL(s).

Then, since ['(0) =0 if s1,...,s, =0, it follows that there exist g-valued holomorphic functions
Ji, -+, fuon A" such that

[2

T(s)=>s;fs

=1
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Moreover, the identity |s;| = e™2™ coupled with the order structure
yiz2y2z-- 2y =1 (7.13)
on I" implies that |s;| < |s,| for j =1, ..., Shrinking A" if necessary, we can then find a constant
K such that
IT(s)| < K|s.|.
Now consider a sequence z(m) € I’ such that ¢ is the smallest index such that z(m) has non-
polynomial growth with respect to z,(m). Then, by construction, the quantities y1(m), . .., y,(m)

must satisfy some set of mutually polynomial bounds, otherwise we contradict the definition of ¢.
Therefore, since t(y) acts semi-simply by multiplication by monomials in half-integral powers of
t1,..., 1, on its eigenspaces, it follows that (after increasing K if necessary)

[Ad(t™H ())E (s(m)| < Ky(m)]s.(m)] (7.14)
for some half-integer d.
Combining the above remarks, it then follows that
[ePE0) — 1 < Ky (m)]s.(m)] (7.15)

for a suitable constant K.
To continue, observe that the operator norm of Ad(eza' N5} is bounded on I’ since z € [0, 1]"
is compact. Accordingly, (for any fixed norm)

A~

1Y) — Y o) | < K'Y e~ po)w) — Yie-xe.5, (2wl

for some suitable constant K'. Accordingly, (7.11) is equivalent to

i Voot pa(m) W) = VemvetmF (s(m)) ) = 0-

m—0o0

In particular, since t(y) is a real automorphism which preserves W,
Y(f”(“(’””-F(Z(m)),W) - ?(E*N“("‘”-FL(Z(W)LW)
= t(m) - (V@ emyw) ~ YiEemyw)

= t(y(m)) ’ (Y(eB<z<m>>.ﬁl/(z(m))w) - Y(E(z(m)),w))'

Moreover, by Lemma 7.1, after passage to a subsequence, we can assume that F, ,(z(m)) converges
to some point in M. By the real-analyticity of the map (F, W)+ Y{py) it then follows that

. Otz .
Yoo (etmpw) = € 0 Yz (om0 (7.16)
where e“(2(™) _ 1 satisfies a bound of the same form (7.15) as eZ((™) — 1. Therefore,

Vet p(a(m)w) = Ve 3. b,(xm)w)

~

= t(y(m)) - (Ad(“"™)) = )Y () = O

on account of the fact that ¢(y) acts by half-integral powers of ¢y, . .., t, and yf(m)(ec(z(m)) -1)
— 0 for j=1,...,r and every half-integer £. O

To continue, we now prove Theorem 2.30 in the case where F'(z) is a nilpotent orbit.
LEMMA 7.17. Theorem 2.30 is true for admissible nilpotent orbits.
Proof. Let z(m) =z(m) + iy(m) € I’ be an sly-sequence. Then,
y(m) =T(v(m)) + b(m)
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as in Definition 2.27. Accordingly,

e NE=(m) . ff(e”(z(m” CFoo,W) = Y(ezj w0 (MINOD) GiN (b(m)). L W)
with 01, ..., 6% as described in (2.29).

Now, for any fixed element b€ R”, the data (N(8'),..., N(6%),eN®) . F W) defines an
admissible nilpotent orbit with limit mixed Hodge structure (e'N(® . F,, W). By Lemma 2.24,

—

(eiNO) . Fog, W) = (Foo, W)

and hence by (2.17) it follows that Y(ezj g MINOD) Gy p w)

Y =Y(N@©O"), Y(NO?), ..., Y5 o))

converges to the grading

independent of b. By [KNUO8, Theorem 10.8] it then follows that for a variable b confined to the
interior of a compact set there is a constant ¢ such that if 7; = v;41/v; < ¢ then

= exp(u(T; b)) - Y

Y(er v N(ﬂj)eu\mb).pomw)

where u(7, b) is a real-analytic function of 7 = (71, ..., 7,) and b with u(0, b) = 0. Accordingly,

~ ~

Y Y.

(er “’j(m)N(ej)eiN(b(m)).Fomw) -
O

COROLLARY 7.18. Let z(m) be an sla-sequence for which (7.8) holds for either 1 =0 or v =r.
Then, (2.31) holds along a subsequence of z(m).

Proof. For + =0 the sequence is bounded, and the statement follows from the continuity of the
slp-splitting. For « = we first use Theorem 7.10 to reduce the computation of the limit (2.31)
to the corresponding nilpotent orbit and then use the previous lemma. O

COROLLARY 7.19. Theorem 2.30 is true for variations over A*.

Proof. This follows from the previous corollary since over A* any slo-sequence z(m) must have
either t=0or t =1. O

It remains to verify Lemma 7.1 for variations of mixed Hodge structure. For this, we will
modify [KNUO08, Corollary (12.8)] which asserts that if z(m) is a strict sly-sequence then the
limit

F = lim £ (y(m)) - F((m)) = lm_¢~L(y(m)) - Fy(=(m)) (7.20)
m—0o0 m—0o0

exists, and belongs to the classifying space M. We begin with the following result.

A sequence of points s(m) € A*" is a strict sly-sequence if s(m)=m(z(m)) for some strict
slo-sequence z(m) € U" where 7:U" — A*" is the covering map defined by s;=e*™* for
j=1,...,r.

LEMMA 7.21. If f: A" — C is a holomorphic function which vanishes along every strict sls-
sequence s(m) € A*" then f=0.

Proof. Strict sly-sequences z(m)=xz(m)+iy(m) € U" are equivalent to pairs of sequences
(x(m),t(m)) such that z(m) is a convergent sequence in [0,1]" and t(m) is a sequence
in (0,1]" which converges to zero. Indeed, given a strict sly-sequence z(m)=z(m) + iy(m)
we define t(m) = (t1(m),...,t.(m)) via the usual rule t;(m)=y;+1(m)/y;(m). Conversely,
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given (z(m),t(m)) as above, the sequence z(m) = z(m) + iy(m) obtained by setting y;(m) =
(tj(m)---t.(m))~! is a strict slo-sequence. In particular, since the differential of the map

t:(tl,...,tr)E(O,I]TH(yl,...,yr)ERgo

defined by y; = (¢; ... t,)"! is an isomorphism at each point ¢ € (0, 1]", it follows that given any
point s, € A* on a strict slp-sequence s(m), there exist strict slp-sequences passing through
every point on a neighborhood of s,. In particular, if f vanishes on every strict slo-sequence then
f=0. O
To continue, we now prove Lemma 7.1 in the case where F(z) is an admissible nilpotent orbit
generated by (Ny, ..., Ny F,W).
Proof of Lemma 7.1 for admissible nilpotent orbits. Let (E, W) = (e~¢ - F, W) denote the sly-
splitting of (F, W7). Let t(y) be the associated family of semisimple endomorphisms. Then,
t=H(y)eX Wi L F = PO Ad(t7 1 (y))(e°) - F (7.22)

because ¢t (y) fixes F.
Given A € End(V), let

A=A (7.23)
bezr

where A% is the eigencomponent of A on which Ad(t‘l(y))Ab:tfb1 . -‘t?brAb. Then, by

Lemma 5.7

¢=>) ¢ (7.24)

bezz,
i.e. £&® =0 unless b is a vector with non-negative coordinates. Accordingly,

W = Ad(t7 (y))¢

is a polynomial in non-negative, half-integral powers of 1, ..., .. Therefore, the image of any
sequence z(m) in I’ under the map
2t (y)eNW = PO (7.25)

has a convergent subsequence in the compact dual M. Now, a point in M belongs to M if
and only if it induces polarized Hodge structures on Gr". By Lemma, 7.1 for variations of pure
Hodge structure, the image of I’ in Gr" via the map (7.25) is a relatively compact subset of the
sum of the corresponding classifying spaces of pure Hodge structure. Therefore, the image of I’
under the map (7.25) is a relatively compact subset of M.

Let b= (b1,...,b,) €Z". Define a partial order on the group Z" by declaring that b >0 if
b; > 0 for all j, and b < 0 otherwise. If b < 0 then w(b) = min{j | b; < 0}.

LEMMA 7.26. Let
T(s)= Y _ T%Gs) (7.27)

bezr
be the decomposition of I' with respect to the action of Ad(t~1(y)) as above. If '* # 0 and b < 0
then F?u(b) =0.

Proof. The proof of Lemma 6.3 shows that
Ad(E () (M) = 2l
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where Q(z,t) is a polynomial in half-integral powers of ¢, ..., ¢, with constant term 0 and
coefficients which are polynomials in x4, ..., z,. By the above conventions (with P(t) and £(¢)
constructed using the nilpotent orbit attached to F(z)),

() - F(2) = Q0P Ad( ! (3)) (59O - Fr,

Consequently, since Q(x, t), P(t), I'(s) and £(¢) all take values in q (see (2.2)) and converge along
strict slp-sequences, it follows that (7.20) holds along strict slp-sequences if and only if

Ad(t™H (y))(T(s)) — 0

along strict slo-sequences for each index b.
Suppose now that b < 0 and I'’(s) # 0. Let w = w(b). Then,

2" 427 (Tb(s) — T8 () — 0 (7.28)
along any strict sle-sequence since
w
T(s) = T0,(s) =D kg (7.29)
k=1
where g1, . .., gy are g-valued holomorphic functions and by, ..., b,—1 = 0.

Therefore, Ad(t~!(y))(T"®(s)) — 0 along strict slo-sequences if and only if
tfbl e t?bTFfU(s) —0

along strict slo-sequences. In particular, via a choice of basis, Ffu(s) is represented by a matrix
of holomorphic functions in the variables sy4t1,...,s,. Let f denote a typical matrix entry of
I'> (5). Then, the previous equation holds if and only if

2" 27 f(s) =0 (7.30)

along strict sla-sequences. If f # 0 then by Lemma 7.21 it follows that there exists a strict
slo-sequence s(m) =7(z(m)) on which f is non-vanishing. Furthermore, since f depends only

on Sy+1(m),...,s.(m), we have the freedom to select z1(m),..., zy(m) in such a way that
1p 1p, . . . .

t27 ...t becomes unbounded (since b, < 0). But this contradicts (7.30) since f does not
vanish along s(m). O

COROLLARY 7.31. For any weight b= (b1, ..., b.) € Z", the function Ad(t~!(y))I'"*(s) converges
along any sla-sequence z(m) € I'.

Proof. Suppose that z(m) is bounded. Then, Ad(t~!(y))T®(s) converges since both Ad(t~!(y))
and T'®(s) converge. Likewise, if b >0 then Ad(t~'(y))I'’(s) converges along every sla-sequence
since both T®(s) and tfbl e t?br converge.

Assume therefore that z(m) is unbounded and b < 0. Let w = w(b). Then, by the previous
lemma, % (s) = 0 and hence by (7.29)

w
TP(s) =T%(s) = T3, (s) = > skgr (7.32)
k=1
where g1, ..., gy are g-valued holomorphic functions. By the order structure (7.13) on I’ it
follows that y, > y,, for £=1, ..., w and hence
st 12 0 (7.33)
1936

https://doi.org/10.1112/50010437X1300729X Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X1300729X

ZERO LOCUS

along any sly-sequence since |so| =e 2™, Combining (7.32) and (7.33), we obtain the

. . . lb lbu’—
convergence of Ad(t~!(y))I'’(s) along sly-sequences since the remaining factor ¢7 ' -2

converges, because by, ..., by,—1 = 0. O
COROLLARY 7.34. Let z(m) be an sla-sequence. Then, there exists Fy € M such that
F(z(m)) — Fj.
Furthermore, the value of F; depends only on the limiting values of the sequences t;(m).
Proof. By the above remarks,
F(z(m)) = "D (Ad(t™ ()" @)t - .

Moreover, along any sly-sequence, P(t), Ad(t~1(y))['(s) and £(t) converge to limiting values in
g which only depend on the limiting values of ¢;(m). This forces F(2(m)) to converge to a point
F; of the ‘compact dual’ M of M. In particular, since elements of gc preserve W, it follows from
Lemma 7.1 for variations of pure Hodge structure that Fj is an element of M. O

End of Proof of Lemma 7.1. To complete the proof of Lemma 7.1 for variations of mixed Hodge
structure, observe that every sequence z(m) € I’ contains an sly-sequence 2'(m). Applying the
previous corollary to F(z'(m)) we see that the image of I’ by F' is a relatively compact subset

of M. O

8. Polarized mixed Hodge structures

In this section we prove two technical results about deformations of admissible nilpotent orbits
using the theory of polarized mixed Hodge structure outlined in [CK89].

LEMMA 8.1. Let (Ni,...,Ny; F,W) generate an admissible nilpotent orbit. Then, there
exists a neighborhood A of 0¢€ gc Nker(ad N1) N---Nker(ad Ni) such that for all a € A,
(N1, ..., Ng;e* - F, W) generates an admissible nilpotent orbit.
Proof. The map

(21, ..., z) — e 5ilNigd L
is horizontal since N;(FP)C FP~!. Therefore, Nj(e®-FP)Ce*-FP~!. Likewise, since
(N1, ..., Ng; F,W) is admissible, all of the required relative weight filtrations exist. It remains

therefore to show that there exists a constant ¢ such that
(€23 % Nie® . W)

is a graded-polarized mixed Hodge structure for Im(z1), ..., Im(z;) > c.

Since Ny, ..., Ni and « preserve W, we can assume without loss of generality that W is pure
of weight /. Via a Tate-twist, we can assume that (er ZNie® . F, W) is pure and effective of
weight £. By [CK89, Theorem (2.3)], it is therefore sufficient to show that e*Ne® - F is a nilpotent
orbit of pure Hodge structure of weight ¢, where N = i Nj.

To continue, we note that since o commutes with Ny, ..., N, it follows that o preserves
the monodromy weight filtration W (). Since we already know that e*V - F' is a nilpotent orbit
of weight ¢ (polarized by some bilinear form @), it then follows from the theory of polarized
mixed Hodge structures (see [CK89]) that it is sufficient to show that e® - F' induces a pure

Hodge structure of weight j 4+ ¢ on the primitive part (with respect to N) of Grﬂ(gN)[_g] which
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is polarized by Qq(*, *) = Q(*, N*x). But, this is an open condition on « € A which is true for
a =0 since e*V - F is a nilpotent orbit. O

Given a nilpotent orbit generated by (N1, . .., Ny; F, W) let t(y) be the associated semisimple
operator (6.1). Then, the corresponding semisimple operator

i

J>t

attached to the nilpotent orbit generated by (N,y1,..., Ny; F, W") is obtained from ¢(y) by
setting t1,...,t, = 1.

LEMMA 8.2. If k </ and « € ker(ad Ny,) then each eigencomponent of o with respect to ad vt
belongs to ker(ad Ng).

Proof. By the Jacobi identity,
[Nkv D}{ Oz]] = [[Nk’ ?EL Oz] + D}{ [Nk’a Oz]] = [2Nk” Oz] =0

since [N, }ﬂ] = 2Nj. Consequently, each eigencomponent of o must also belong to ker(ad Ny)

since ad Ny decreases eigenvalues with respect to ad vt by 2. O
COROLLARY 8.3. If a commutes with Ny, ..., N, then so does Ad(t; (y))a.
Proof. Decompose a with respect to Yyt o Y and apply the previous lemma. O

LeEMMA 8.4. For k <, Ad(t;*(y))yx N = y&/y.+1Nx and hence
Ad(t:l(y))ei D k< Y NK el Zkgl,(yk/yb“’l)Nk.

Proof. By (6.1),

1Y] ,ly 1 —1m,
Ht =Y,41 Y o (8.5)
>t >
Accordingly, since [Y'*T1, Ny = —2Nj, for k <+ 1 whereas [Ny, H;] =0 for j >k by (5.4) it

follows by (8.5) that (for k < ¢)

Ad(t; (y)ye Ny = Ad( yL+1 HAd y2 fon )UK

Jj+1
>t
1yt
=Ad(y 2y YNk = Yr/Yir1 Vg m
Given a period map F'(z1, ..., z,) with local normal form (2.3) let
Foo(zig1, - oy 2p) = e2i= %Nl L (8.6)
be the limit mixed Hodge structure obtained by degenerating the variables zj, ..., z, in F(z).
Then, (Fso(2,41, - - -, 2r), W*) is an admissible variation of mixed Hodge structure. Let
[L/ = {(ZL+1, ey ZT> eU™" ’ Tygly -0, Tp € [0, 1], Ytl1 2 2 Yp =2 1} (87)
Then, by Corollary 7.34, for any sla-sequence z(m) = (z,41(m), ..., z:(m)) € I], the filtration
Foo(ZL+1(m)a SR ZT(m)) = tfl(y)ezi'” il gl () . Fs (8'8)
converges to a filtration F} in the corresponding classifying space M, . Furthermore, the filtration
F}, depends only on the limiting values of t,1(m), ..., t.(m).
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LEMMA 8.9. Let (z.41(m), ..., 2z(m)) € I] be an sly-sequence. Let F, € M, be the associated
limiting filtration constructed above. Then, the data (Ny, ..., N,, Fy, W) generates an admissible
nilpotent orbit.
Proof. Since (N, ..., Ny; Foo, W) generates an admissible nilpotent orbit, all of the required
relative weight filtrations exist. Accordingly, we can assume that F'(z1, ..., 2.) is an effective
variation of pure Hodge structure of weight £.
Let
20 = At 6 (X ) (5.10)
>t
Then, Lemma 6.3 applied to the nilpotent orbit generated by (N,y1, ..., Ny; Foo, W') asserts
that P,(t) is a polynomial in non-negative, half-integral powers of t,41, ..., t.. Let (Fo, W) =
(e=¢ - Fo, W7) be the slo-splitting of (Fio, WT). Then, by Lemma 5.7,
&(t) = Ad(t ()¢ (8.11)

is a polynomial in non-negative, half-integral powers of ¢,11, . .., t.. Accordingly,

Fro(zisn, -, 20) = ePO(Ad(E ()l )es O . (8.12)
where Ad(t;(y))e" ) converges along any sly-sequence (apply Corollary 7.31 to the variation
(Foo(Z41y - - - 5 2r), W*)). Consequently,

F,=e% - Fy (8.13)
where
e = lim e (Ad(t (y))e! )@, (8.14)
m—o0
Moreover (see (7.5)), since N,ii1,...,N,, I', and & all belong to the subalgebra qnN
(M= ker(ad Ny)), it follows from Corollary 8.3 that
v € gNker(ad Ni) N---Nker(ad N,). (8.15)
In particular, by virtue of equations (8.13) and (8.15) it follows that Ni, ..., N, are horizontal

with respect to Fj.

By [CK89, Theorem (2.3)], to complete the proof, it suffices to show that
2 2Nt | F

is a nilpotent orbit of pure Hodge structure. To this end, let a be a positive real number and
Ni=a(Ny +---+ N,). Observe that since

F(2)= exi< ZilNi Foo(Zig1y -y 2r)

is an admissible variation of mixed Hodge structure so is

Fi(z, ..., 2r) = e#Nte2ljs> 2ilNilu(s) |
(here we can use [Kas86] to derive the existence of the required relative weight filtrations since
N; belongs to the interior of the cone generated by Ny, ..., N,). The associated nilpotent orbit of
F; is generated by (Ni, Nyq1, ..., Ny, Foo, W). Let t:(y) be the associated semisimple operator.
Then,
1y,
ti(y) =t "t(y).
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Let P;(t) = Ad(t; ' (y)) iy, Ny + i Y255, y5N;) and & (t) = Ad(t; ' (y))€. Then,

FT(ZM N t;l(y)eibeTei 2> Uiyl Fso
= ePr(t)(Ad(tT—l(y))eFL)eéf(t) Fy.
Let zi(m) = (z,(m), ..., z-(m)) be the sly-sequence obtained from the sequence (z,4+1(m), ...,

z(m)) by setting z,(m) = z,41(m). Applying Corollary 7.34 to Fj(z(m)), we then obtain an
associated limit filtration F} € M.

Regarding the filtration F}, we note that since t,(m) = y,+1(m)/y.(m) = 1 along the sequence
z¢(m) it follows that ¢+ (y) =t,(y) along z{(m). Therefore, the limits of Ad(t;l(y))ert and & (t)
along 2(m) coincide with the limits of Ad(¢;!(y))e'* and &,(t) along the original sequence
(zig1(m), ..., z-(m)). Likewise, along z(m),

PT(t) = Ad(t:l(y)) (ibeT +1 Z yij> =Ny + P,(t)

>
since Ad(t; ! (y))y. Ny = Ny by Lemma 8.4. Therefore,
Fﬁ =i . Fh eM.

In particular, since Ny = a(Ny +-- -+ N,) with a > 0 arbitrary, it follows that ezt F,
is a nilpotent orbit of pure Hodge structure. O

9. Proof of Theorem 2.30

In this section we prove Theorem 2.30 by induction on dimension r of the base A*". For r =1,
Theorem 2.30 follows from Corollary 7.19.

Accordingly, assume that r > 1 and let z(m) be an slp-sequence. Let ¢ be the smallest index
such that y(m) has non-polynomial growth with respect to ¢. If t = 0 or « = r, Theorem 2.30 along
z(m) follows from Corollary 7.18. Therefore, we can assume that » > 1 and 0 < ¢ < r. Therefore,
by Theorem 7.10 it follows that

Y(#(e(m),w) = Y(F.(z(m)),w) = 0
and hence the proof of Theorem 2.30 is reduced to the case of period maps of the special form
F,(2).

To complete the induction, we construct an associated flag in the spirit of (2.29) and verify
that if

V(S N ), T oo ) = Yo 0.1)

j<d
then e~ N(@(m) . f’(FL(Z(m))’W) —Y,. Having done this, we then compute the limit (9.1) using the
induction hypothesis and the properties of Deligne systems.

As in (8.6) and (8.8), let us define

Foo(Zigt, - - 2) = e 5iNigle L
Foo(Ziats - - 20) = £ (y)e2oim WiNighh(s) L
1940

https://doi.org/10.1112/50010437X1300729X Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X1300729X

ZERO LOCUS

Then,
Fz1, ..., z) =exalNiel g
= eN@ 2 Wil |
= eN@ X Wili gy, Wil L B
_ BN(x)BZKL iyijtL(y) . F‘OO(ZLJrl’ ceey Zr)
_ eN(m)tL(y)ei >k Yk /Yys1) Nk FOO(ZL+1? )

where the last step is justified by Lemma 8.4.
By (8.12)

A~

Foolzitty -+ oy ) = DO (A (] () ()es D - Fy,
Moreover, by (8.13), along the sequence (z,4+1(m), ..., z(m)),

A~

Foo(zip1(m), ..., 20(m)) — Fy =% - Fi.
Define
v =qNker(ad N;) N---Nker(ad N,).
Then, by Corollary 8.3 it follows that the function

MO (A ()" )b O

takes values in v, and hence so does its limiting value 4y along (z.41(m), ..., z.(m)). Let
eVFrnz) = PO (Ad(t (y)) el () es De %, (9.2)
Then, Foo(zLH, oy 2p) = V) F, with
Y(z241(m), . . ., zr(m)) — 0. (9:3)

By Lemma 8.9, the data (Ny, ..., N,; F}, W) defines an admissible nilpotent orbit, and hence
by Lemma 8.1 there exists a neighborhood v, of zero in v such that for every v € v, the data

(N1, ..., N, e” - Fy, W) defines an admissible nilpotent orbit. Shrinking v, as necessary, we can
further assume that there exists a common constant ¢ such that if Im(zy), ..., Im(z,) > ¢ then
eXic ZiNigh . F, e M. (9.4)

In particular, by (9.3), there exists index m, such that
Y(z1(m), ..., 2z (m)) € v,
whenever m > m,.

COROLLARY 9.5. Combining the above equations, it follows that along the given sla-sequence
z(m), we can write

F(2) = eN(“"”)tL(y)ei ke Uk /Yer 1) Ni Y (Zig1e00020) - F (9.6)
with y(z,41(m), ..., z.(m)) taking values v, for m > m,.
Now consider the sequence y(m) = (g1(m), ..., 7,(m)) obtained by setting
gi(m) = y;(m)/yer1(m). (9.7)
Then, since y(m) = (y1(m),...,yr-(m)) is an sly-sequence it follows that g(m) is also an sla-

sequence in t-variables. Therefore (see Definition 2.27) we have

§(m) =T (3(m)) + b(m)
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for some linear map T : R — R*, some strict sly-sequence #(m) € R? and a convergent sequence
b(m) € R*. Accordingly,
N(g(m)) =Y N(67)5;(m) + N(b(m))
j=1
where N(6),..., N(#%) and N(b(m)) belong to the real subalgebra by of v generated by
Ni,...,N,.

WARNING 9.8. The system of vectors 6 constructed in this way may differ from the sequence
appearing in Theorem 2.30. Nonetheless, the result limit gradings will be the same. This will
addressed in the final paragraph of the paper.

Let N(b(m)) — N(b,) and b, be a neighborhood of N(b,) in bg. Then, for any « € b, and
any v € v,, the data
(N(0Y), ..., N(6%); e - F,, W)
generates an admissible nilpotent orbit (with slightly larger ¢ to compensate for «, see (9.4)).
We therefore define
F(v,...,vg;0,v) = e2i<a WiN(07) gia gy, F.

As in the proof of Corollary 7.18, it then follows via Lemma 2.24 that for fixed o and v as above,

A

YV(F(vl,‘..,vd;a,z/),W) - Y(V) = Y(N(91)7 ey Y(N(ed)a Y/(e”-Fh,WL)))

along any strict sle-sequence in the variables vy, ..., vq4.
By [KNUO08, Theorem (0.5)], there exists a constant b such that if 7y = ve/v1,..., 74 =1/v4 €
(0,b) then
Yv(F(vl,...,v,i;a,V),W) = exp(u(T; «, V)) : Y(V) (99)

where u(7; «, ) has a convergent series expansion
s
u(r; o, v) = Z U (o, V) H T;n(j) (9.10)
m 7j=1

with constant term 0. Furthermore, by [KNUO8, Theorem (10.8)], the coefficients u,(«, v) are
analytic functions of a € b, and v € v,,.

COROLLARY 9.11. Let v(m) =~(z41(m), ..., z(m)) and a(m) = N(b(m)). Then,

Vi amyaw = €Vt (y () TR ¥ (1 (im)) (9.12)
where 7;(m) = vj11(m)/vj(m) for v;(m) =vj(m).
Proof. Combine (9.6), (9.7) and (9.9). O

The remainder of the proof of Theorem 2.30 now divides into two parts depending on d.

Remark 9.13. The notation introduced in Corollary 9.11 will remain in effect for the remainder
of this section.

When d = 1. In this case, it follows from the definition of non-polynomial growth that
T(m)y;y1(m) —0
for any half-integral power e, and hence the sequence
e"m) .= Ad(t, (y(m)))e* (T mielm)v(m)) _, 1 (9.14)

since the action of Ad(t,(y)) on ge is bounded by a polynomial in y2 ;.
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On the other hand, by Lemma 8.4 and the properties of Deligne systems it follows that
t(y) - Y (v) = Y(Ad(t(y))N(0"), Y, yer-rwe))

= Y(yb—l—lN(el)? }A/(tL(y)e“Fu,WL))'
Now, if (N, Yy, W) is a Deligne system then so is (AN, Y, W) for any non-zero scalar.

Furthermore,
Y (AN, Yy) =Y (N, Yy). (9.15)
In particular, by the previous paragraph
t(y) - Y (v) = Y(N(0Y), Vi, yer-1we))- (9.16)
Therefore, by (9.12), (9.14) and (9.16) it follows that
—N(x(m ¥ m 1\ v
e NED) Y mywy = €1 Y (N (0Y), Y, (ymyerom-py )

= @ﬁ(m) . Y(N(el)’ }/(er>L iyj(m>NjeFi(S(T"’))~FOC,WL))

and hence (9.1) holds for d = 1.
By induction,
Y/v(ezjm i?/j(m)NjeI‘L(s(m})vFao,WL) - Y(N(92)> R Y(N(Hd/)7 }A/(Foo,Wr)))
and hence combining the above, we have
e N Y ) = YN0, .. Y (N(OF), Ve, w))-

Remark 9.17. To complete the proof for d = 1 we still need to resolve the discrepancy introduced
by the different system of vectors 6 as remarked in (9.8).

When d > 1.
LEMMA 9.18. For fixed « and v as in (9.9) and 11, ..., 741 € (0,b)
exp(u(Ti, ..., Ta1,0;0,v) - Y (v) = Y<Z wiN(07), Y(e”~Fh,WL)> (9.19)
j<d
for any vector (w1, . ..,wq) € RY, such that 7j = wjt1/wj for j <d — 1.

Proof. Let vj =ywj for j=1,...,d. Then, by (9.9),

}A/V(F(vl,...,vd;a,u),W) = exp(u(Tl, <o Td—1, 1/(ywd); «, V)) : }A/(V)
On the other hand,

YP(F(m,...,m;a,u),W) = Y(ezj@ ivjN(Bj)eiaeu.Fh’W)

A

=Y

(e Ti<a wiN O giaer ., W)
Comparing these two equations, it follows that
exp(u(ri, ..., Ta—1, 1/(ywq); a, v)) - Y (v) = Y(e“’ Sjea @i NOD) o g, W
Taking the limit as y — oo, we then obtain (9.19) using (2.17). O

Remark 9.20. A priori, u(7;a,v) is only defined for 71,...,75€ (0,b). However, via the
series expansion (9.10), we can extend u to a real-analytic function on a neighborhood
of 7=0. By continuity, the formula for u(m,...,74-1,0) given above agrees with the value
of u(ry, ..., 74-1,0) determined by (9.10).
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For o and v as in (9.9), let
ui(m;o,v) =u(ry, ..., 17g; 0, v) —u(m, ..., T4—1, 0; a, V),
ug(Ty o, v) = u(ry, ..., Ta—1, 0; a, v).

Then, exp(u(7; a, v)) =exp(u; + ug) where wu; is divisible by 74 in the ring of real-analytic
functions of 71, . .., 74. Therefore,

Ad(t.(y)) exp(u(rs o, v)) = Ad(t.(y)) (e T e™"2) Ad(t.(y))e™ (9.21)

where e?1tU2e7U2 = U with ug again divisible by 74 in the ring of real-analytic functions in
T, ...,74. Consequently, as in (9.14), it follows that if n(m) is the sequence defined by the
equation

e = Ad(t.(y))(e") (9.22)
along z(m) then n(m) — 0.

LeEMMA 9.23. With the above notation, we have
euz(rmya(m).v(m)) .y (,(m)) =Y <Z vj(m)N(67), if(e,,(m).Fh,WLO .
j<d

Proof. Use Lemma 9.18 with w;(m) = vj(m). O

Accordingly, by the previous lemma and (9.12), (9.21), (9.22) it follows that

e~ N@(m)) )A/(FL(Z(m))’W) = 1M, (y(m))e > Tmalm)v(m) .y (3(m))
= "™y (y(m))-Y (Z v (m)N(67), Y(W).Fh,wg .
j<d

Therefore, using Lemma 8.4 and our freedom to rescale N (67) — AN (67) it follows that

Ly(m) - Y (Z o (m)N(8), Y<FW>)

j<d
= Y (Z Uj (m)N(e‘j)a Y/(62j>,, 1y Nj ert(s)-Fm,W")) (924)
j<d
and hence
e~ N(z(m)) | Y(FL(z(m)),W) —enm) |y <Z Uj(m)N(Hj), Y(ezjw iy N eFL<s>-FOO,WL)> . (9.25)
j<d

In particular, since n(m) — 0, it follows that (9.1) holds for d > 1.
Thus, to complete the proof it remains to compute the limit (9.1). To this end, observe that
by induction,

Yiemsm wsnsarao g wy = YT =Y (N@O), Y (N(O7), Yie, wn)- (9.26)
Consequently, there exists a unique W' gl(V)-valued sequence ((m) which converges to zero
such that

}/(ezj>L iy N EF’I(S)~FOC7WL) = €ﬁ(m) . YT
along z(m).
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To continue, note that since Y(ez].> arises from the slo-splitting of the limit

N el (o). oy (W)
mixed Hodge structure of the nilpotent orbit

(215 .. 2) — 2 % Ni L (e2gs WilNighe(9) L B )
it follows that:
(a) [NV, e’ YT] = —2N; for j <u;
(b) €Y1 preserves WO, ... W

On the other hand, by Lemma 5.10 we know that YT = Y( 2w arises via the limit mixed
Hodge structure of a nilpotent orbit

(eXis 2 Ni L W0)
(with limit MHS split over R), so we also have:
(') [Nj, YT = —2N; for j <y
(b') YT preserves WO, ... W

WARNING 9.27. For the remainder of this paper, F, is the filtration of the previous paragraph
and not the filtration obtained from (5.2) and the nilpotent orbit (N, ..., Ny; Foo, W).

Remark 9.28. As in the remark to Theorem 2.30, we are implicitly assuming that y;(m) — oo
for all j. The case where some y;(m) remain bounded is handled by absorbing these factors into
F,. The details are left to the reader.

In particular, comparing (a) and (a’) it follows from Lemma 5.13 that

[B(m), N;] =0, j<t (9-29)
Likewise, it follows from properties (b) and (b’) that
B(m) preserves W7,  j <. (9.30)

By the functoriality of Deligne systems, it follows from (9.29) and (9.30) that
Y <Z vy (m)N(Qj)’ if(ezj>t iy N; eFL(s).FwWL)>

j<d
=Y <Z vj(M)N(67), 0 . YT> =y <Z vj(m)N(67), YT> . (9.31)

j<d j<d
Moreover, by the properties of Deligne systems,
Y (Z Uj (m)N(GJ), YT) = ff(ei Sj<d ”J'(m)N(ej)-FL,WO)' (932)
Jj<d
Letting m — oo and using (2.17) to compute the right-hand side shows that
(S u N @) YT) = TN, YN0, Vi)
j<d
Therefore, since f(m) — 0 and

Yv(F“WL) = YT = Y(N(9d+l)7 ceey Y(N(ed/)a i/(FOO,WT)))
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it follows from (9.31) that

Y (Z vj(m)N(Hj)a ?(QZDL iyijerL(s).Foo,WL)> - Y(N(91)7 SN Y(N(Qd/), Y/(Fm,WT)))'
Jj<d

Returning to (9.1) it then follows that

e NEM) Y ) = Y(N(OY), .. Y (N(OY), Vi wr)) (9.33)

as required.
To complete the proof, we note that the elements 6!, ..., 0% constructed above depend on

the sequence z(m) and not the period map. Consequently, it follows from (9.33) that

e~Niam) .y ~N(z(m))

(B(=(m). W) ~ € Viencom.pwy =0 (9.34)

for every sly-sequence since both F(z) and eV(?) . F have the same limit Hodge filtration. On
the other hand, by Lemma 7.17, we know that (2.31) holds for nilpotent orbits. Thus, by virtue
of (9.34), (2.31) is also true for period maps.

PART II. TANNAKIAN CATEGORIES OF NILPOTENT ORBITS

10. Central filtrations on Tannakian categories

The main purpose of this appendix is to prove Theorem 2.18 and Lemma 2.20 from the body of
the paper. These results characterize the sly-splitting as the unique splitting € given as a universal
Lie polynomial in the 6, , such that, if (IV, F', W) is a one-variable nilpotent orbit with limit split
over R, and ¢ = ¢(eN - F, W), then Y (efe'N - F, W) is a morphism of the limit mixed Hodge
structure (F, M (W, N)). That this is so was stated first by Deligne in an unpublished letter to
Cattani and Kaplan. In this appendix, we phrase Deligne’s results in the language of Tannakian
categories in the hope that this will lead to clarity by making explicit the relationships between
various categories of Hodge structures and nilpotent orbits.

10.1 Let C be a Tannakian category over a field k and let w : C — Vecty, be a fiber functor (where
Vecty, denotes the category of finite-dimensional vector spaces over k). Recall from Saavedra—
Rivano [SR72, p. 213], that an ezxact filtration of w consists of an exhaustive, increasing filtration
Wi of the functor w satisfying:

(i) the associated graded Gr'V' w is exact;
(ii) for every n € Z and every pair of objects X, Y in C, we have
Waw(X@Y)= Y WwX @ WwY.
p+a=n

See [SRT72] for a definition where the field k is replaced with a ring A.

Saavedra—Rivano calls a filtration W central if it arises by applying w to a filtration (also
denoted W) of the identity functor on C. (So WiywX = wW} X.) Suppose W is an exact central
filtration. Then we say that an object X is pure of weight k, if Gr}’v X =0forall j # k. An object
is split if it is a direct sum of pure subobjects. It follows from the exactness of W, that the full
subcategory Sy C consisting of all split objects is a Tannakian subcategory of C [Mil07, 1.7]. It
also follows that Homc(X,Y) =0 if X and Y are two pure objects of C of different weights.
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10.2 Suppose w : C — Vecty, is a neutral Tannakian category with Galois group G = Aut® w.
A grading (or, to be precise, a Z-grading) of w is a functorial decomposition w =@, wr. A
grading of w amounts to the same thing as a group homomorphism i : G,, — G where G,, denotes
the multiplicative group of k. Any grading, or equivalently a group homomorphism i : G,,, — G,
gives rise to a filtration W = W (7) on w via the rule W,wX = P, ., wiX. A filtration W is said
to be splittable if W = W (i) for some grading i. In this case, i is said to be a splitting of W.

10.3 In [SR72, p.217], Saavedra-Rivano considers affine group schemes P = Autjj(w) and
U= Aut®!(w) associated to a neutral Tannakian category w : C — Vecty and an exact filtration
W of w. The group P consists of automorphisms preserving WwX, for any X € C, while the
group U consists of automorphisms inducing the identity on Gr'V w. More generally, Saavedra—
Rivano considers filters P by the subgroups U, consisting of elements g € P acting trivially
on (Wp/Wyiq)wX. In this notation, U = U_; and we set P = Up. To express the fact that the
filtration U; depends on W, we write W;U := U;.
If W is central, then P = G = Aut®(w).

PRroPOSITION 10.4. Suppose w: C — Vecty, is a neutral Tannakian category equipped with a
central filtration W. Let Q = Aut®(w|Sy C). Then the map m : G — Q induced by the inclusion
of SywC in C is faithfully flat with kernel U. Thus we have a short exact sequence

1-U—-G—-Q—1
of k-groups. Thus, G/U is isomorphic to Q.

Proof. By [DMOS82, Proposition 2.21], G — @ is faithfully flat, because the inclusion Sy C — C
is fully faithful and every subobject in C of a split object is split. It is clear that U is in the
kernel of 7. On the other hand, every object in C is a successive extension of pure objects. From
this observation, it follows that U contains the kernel of 7. O

10.5 Suppose the filtration W in Proposition 10.4 is splittable by a homomorphism i : G,, — G.
Let Cent(i) denote the centralizer of 7 in G.

PROPOSITION 10.6 (Saavedra-Rivano). If W is splittable, then G = U x Cent(i). In particular,
Cent(4) is isomorphic to Q.

10.7 In the context of the proposition, the set of splittings 7 : G,, — G is a pseudo-torsor under
U(k) (acting via conjugation). Fortunately, all the filtrations which come up in Hodge theory
are, in fact, splittable. One way to see this is to use the following result, a corollary of a recent
theorem of Ziegler.

THEOREM 10.8. Suppose w: C — Vect, is a neutral Tannakian category over a field k of
characteristic 0 and let W be a filtration on w. Then W is splittable.

Proof. This follows directly from [Ziell, Theorem 1.3] and the fact that, in characteristic 0,
algebraic groups are smooth. O

11. Mixed Hodge structures

11.1 The category MHS of mixed Hodge structures over R equipped with the forgetful functor
w : MHS — Vectr sending a Hodge structure to its underlying real vector space is a neutral
Tannakian category. The weight filtration W induces a central filtration on MHS and the category
SwMHS is simply the category HS of split mixed Hodge structures.
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By a classical observation of Deligne, the group S:= Aut®(w|HS) is the Weil restriction of
scalars from C to R of the group G,,. This group sits in exact sequences

s t

1 St S Gm 1

1 Gy ——S sl 1

where S! is the unique (up to isomorphism) non-split real form of G,, and the action of G,
via w on a split mixed Hodge structure induces the splitting of the weight filtration. The
homomorphism t:S — G,, induces a fully faithful functor from the category of graded vector
spaces to the category of split mixed Hodge structures whose essential image consists of the Tate
mixed Hodge structures. The map s x w: S* x G,, — S presents S as the quotient of S* x G,,
by the diagonally embedded copy of Z/2.

11.2 By Theorem 10.8, the central filtration W on MHS is splittable. So 9 := Aut®(w) is
isomorphic to a semi-direct product 4 x S where ¢ = Aut® (w). In fact, Deligne determined the
structure of 4, which, for the convenience of the reader, we explain in Deligne’s language.

Let Lc denote the free Lie algebra over C on generators D"/ where i and j are negative
integers. The C-vector space underlying L¢ carries a unique bigrading £¢ = ®£¢ (4, j) for which
D% is in bidegree (4, j). Let

Wale= €D Lc(i, ).
i+j<sn
Then W, Lc is an ideal in L¢, and it is easy to see that the Lie algebra Lc/W,, L is nilpotent
and finite dimensional as a C vector space. There is a unique real structure on the Lie algebra L¢
for which D = —D%. Let £ denote the corresponding real Lie algebra. Since the real structure

respects the filtration W on L¢, W descends to a filtration on £. Set 4U(n) :=exp(L/W,L), a
real algebraic unipotent group.

The bigrading on L¢ induces an action of G2, on L¢ and, thus, an action on 4U(n) ® C.
Under this action (s, t)D% = s'/ D%, This action descends to an action of S on £ for which
tD™ = 2 (t)# (t)D" where z, Z denote conjugate generators of the character group of S. The
action of S on £ then induces an action on the real algebraic group (n). Let @U(n) denote
the inverse limit of the real algebraic groups {(n), a pro-unipotent real affine group scheme, and
write Wy, lim $(n) for the kernel of the canonical homomorphism lim #(n) — (k).

Suppose V = (V, F, W) is a real mixed Hodge structure. Let § = dp 1 € End(V') and write
6=73;ic00i,; € End(V)c. Since § is real, 8;; = d;; This induces an action of lim $((n) on V' by
letting D™ act via v/—16; ;. This induces a homomorphism lim $((n) — M, and, since U(n) is
unipotent for each n, the homomorphism must factor through . So we have a map lln U(n) — 4L

THEOREM 11.3 [Del94, Deligne]. We have 4 = lim ${(n).

Remark 11.4. If (V, F,W) is a real mixed Hodge structure, then (V,e % - F, W) is split over
R. The splitting Y(c-is.pw) gives a canonical R grading of W, and thus a homomorphism
1: Gy, — M, which induces a splitting of the sequence

1-U4—-M—-S—1.
If we set M(n) := M/Wyril, then M(n) is a real algebraic group and M = lim M(n).
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12. Nilpotent orbits

12.1 Suppose V is a finite-dimensional real vector space. Recall, from the body of the paper or
from [KNUOS, p. 405], that the data of an admissible nilpotent orbit (or mixed nilpotent orbit
in the terminology of [KNUO0S8]) consists of a quadruple (V, N, F, W) where:

(i) N is a nilpotent endomorphism of V;
(ii) F is a decreasing filtration of Vg;
(iii) W is an increasing filtration of V.

These data are assumed to satisfy several conditions spelled out in [KNUO08]. The class of
all admissible nilpotent orbits (V, N, F, W) forms a category in an obvious way (morphisms
are vector space homomorphisms preserving N, F and W). Moreover, by a result of
Kashiwara [Kas86, Proposition 5.2.6] this category, which we will call Nilp;, is abelian. In fact,
Nilp, is a neutral Tannakian category: the tensor products are defined as in [Kas86, 4.4.3] in an
obvious way, the functor w; from Nilp; to the category Vectr of finite-dimensional real vector
spaces is the one that forgets everything but V. From this, it is easy to check that Nilp; is a
neutral Tannakian category using, for example, [DMOS82, Proposition 1.20]. The filtration W
equips w1 with a central filtration.

12.2 Unfortunately, we do not have a simple description of Nilp;. However, Nilp; has a
Tannakian subcategory whose fundamental group is more tractable: the full subcategory Split;
consisting of all objects (V, N, F, W) with limit (V, F, M (N, W)) split over R. Let 9t; denote
the affine group scheme Aut®(wi|Split,). The filtration W induces a central filtration on the
neutral Tannakian category wj : Split; — Vectr. We write S; for the category Sy Split; of all
split objects in Split;. Objects in S; are called SLa-orbits. Write S; = Aut®(w1|S1). Then we
have a (splittable) faithfully flat homomorphism 7 : 9t; — Sy, and, if we write $l; for the kernel
of 71, we obtain a (splittable) exact sequence

1—-4; —-M; —S1 — 1.

In fact, 91 inherits a filtration W39 from W as in (10.3), and U; = W9;.

For each non-negative integer n, set Mt (n) := MWy /W,tl1. Then My(n) is a real algebraic
group with unipotent radical 4; (n). The homomorphism 71 (n) : M1 (n) — S; induced by 71 sends
9y (n) onto its largest reductive quotient. We have 9t = lim My (n).

Since the limit (V, F, M(N,W)) of an object (V, N, F, W) in Split; is, by definition, split
over R, we obtain a morphism i, : G, — 9 inducing a grading of M. We write iy := 71 0 ipf :
Gy — S1. Moreover, write H := iy (G,y,) and H =1i(Gy,).

Note that any split real mixed Hodge structure (V, F, W) gives rise to a split nilpotent orbit
(V,0, F, W) in a trivial way. In other words, each split real mixed Hodge structure gives rise to
a constant split nilpotent orbit. This association gives rise to a tensor functor Const : HS — S;
and, thus, to a homomorphism const : S; — S.

The following proposition is proved in [CKS86, Lemma 3.12].

PROPOSITION 12.3. Suppose (V, N, F, W) is an object in Split; and z is a complex number in
the upper-half plane. Then (V, e*N - F, W) is a real mixed Hodge structure.

For every z in the upper-half plane, the proposition gives a functor sp, : Split; — MHS
compatible with ®, the filtration W, and the forgetful functors to Vectg. (We call it sp, for
‘specialization’ because it corresponds to specializing the nilpotent orbit to the point z in the
upper-half plane.) The functor sp, induces, in turn, a group homomorphism sp, : 0 — M
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compatible with the W filtration of both groups. For most purposes, it suffices to consider
the case z =1.

The following is the main theorem of the appendix.
THEOREM 12.4. Concerning My and its relationship to M, we have the following results.

(i) The group Sy is isomorphic to (G, x S* x SLy)/ua where po is embedded diagonally in
the product and S' denotes the unique non-split real form of G,y,.

(ii) The homomorphism sp; : 9 — M, Is injective.

(iii) The restriction of sp; to 4l induces an isomorphism of 4 with $1;, thus we get the following
commutative diagram.

1 u m S 1
-k
1 N M —= S, 1

(iv) We have Cent(H) Ny ={1}. On the other hand, sp;(w(G,,)) is central in S;.

COROLLARY 12.5. There is a unique splitting o : S — 9 such that sp; o o(w(G,,)) commutes
with H.

Proof. Since Cent(H) Nk = {1}, the restriction of m to Cent(H) gives an injection Cent(H) —
S1. Let H denote the image of H in S;. We then obtain a commutative diagram of group
homomorphisms

Cent(H) N9 —"— Cent HN'S

| |

Cent(H) —=— Cent H

where all arrows are injective and we regard 9 as being contained in 9 via sp;.

It follows from [SGA3, Exp. XV, Lemma 7.2] that the horizontal arrows are surjective (and,
therefore, isomorphisms). Thus, since w(G,,,) is contained in Cent(H) NS, there exists a unique
section of 7 over w(G,,) commuting with H. This gives a grading i:G,, — 9 of W. The
centralizer of 7 in 91 gives a splitting o : S — M of 7. It is clearly the unique splitting o such

that o(w(Gy,)) commutes with H. O

LEMMA 12.6. Suppose (V, N, F, W) is a one-variable admissible nilpotent orbit with limit split
over R. Set Fg) = eN . F. Then Y (F(g), W) is a morphism of the limit mixed Hodge structure
(V, F, M(N, W)).

Proof. This follows from [KNU08, 10.1.3]. a
The following is a restatement of Theorem 2.18.

COROLLARY 12.7. The sly-splitting is the unique functorial splitting on the category of real
mixed Hodge structures given by a universal Lie polynomial € in the 6, , satisfying the following
property. If (N, F,W) is a one-variable nilpotent orbit with limit split over R and we set
E=e(eN - F,W), then Y (e~%e’™N . F, W) is a morphism of (F, M (N, W)).

Proof. Universal Lie polynomials in the J, , are in one-one correspondence with elements of the

completed Lie algebra £ := lim L/W,L. By the Baker-Campbell-Hausdorff theorem, the map

¢ — €S gives an isomorphism from £ to $; (R).
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Gradings i : G, — 2 of the weight filtration form a torsor under Y(R). If we let i5 denote
the grading Y (e~% - F, W), then any other grading i¢c : Gy — M of the weight filtration is given
by Y (eSe~* . F, W) where ¢ € £ is a universal Lie polynomial in the §, ;. The grading is defined
over R if and only if the universal Lie polynomial ( is.

Note that there is a one—one correspondence between splittings o :S — 91 and gradings
i: Gy, — 9. This correspondence sends the splitting o to its restriction to w(Gy,) CS. The
inverse of the correspondence sends the grading i to its centralizer (in 90t), which is isomorphic
to S. Under this correspondence, the S representation given by the split mixed Hodge structure
(eSe® . F, W) is sent to the splitting Y (eCe™ - F, ).

Corollary 12.5 shows that there is a unique splitting o : G, — 9 such that sp,;(c) commutes
with H. Thus, there can be only one real universal Lie polynomial ¢ in the 6, 4 such that, when
§=06(eN - F,W), Y(eCe eV . F, W) commutes with the grading Y (F, M) of the limit mixed
Hodge structure. Now, we can see that any ¢ such that Y(ege*i‘;e“v - F, W) is a morphism of the
limit mixed Hodge structure commutes with the limit grading Y (F, M). The result now follows
immediately from Lemma 12.6. O

13. Deligne’s splittings

13.1 Suppose V is a vector space over a field F' of characteristic 0, N is a nilpotent operator
on V and W is an exhaustive, separated increasing filtration of V' (indexed by integers) such
that NW; C W;_;. The triple (V, N, W) is called admissible if the relative weight filtration
M = M(N, W) exists. (By [Del80], M is unique if it does exist.)

A grading Yjs of M is said to be compatible with N and W if:

(i) [Ya, N] = —2N;
(i) for all 4, Yy (W;) C W;.

If Yy is such a grading, let G(W, Yys) denote the set of gradings of W which commute with
Y. It is not hard to see that G(W, Ya) is non-empty. In fact, if we let P denote the subgroup
of GL(V) consisting of g such that gYag~' =Yy, and (g — 1)W; € W;_1, then G(W, Yy) is a
principle homogeneous space for P.

Suppose Yy € G(W,Yas). Then set H=H(Yw)=Yy —Yw. Let N; denote the ith
eigencomponent for N under the action of ad Y. Since N preserves W, N = ZieZ@ N;. It
follows from the definition of the relative weight filtration, that the pair (Ny, H) is an slp-pair.
Let Ny = N4 (Y ) denote the unique element of End V' such that (N, H, NT) is an slp-triple.

THEOREM 13.2 (Deligne). Suppose that (V, N, W) is an admissible triple and Y} is a grading
of M compatible with N and W. Then there exists a unique grading Yy =Y (N, Yar) € G(W, Yar)
with respect to which, for each i <0, [N, N;] = 0.

Proof. The result was proved originally in a letter from Deligne to Cattani and Kaplan. For a
published proof, see [Pea06]. O

13.3 Suppose (V, N, F, W) is an object in Nilp;. Set Y = Y{z a7)- Then Yy is a morphism of
(V, F, M) and the weight filtration W is a filtration of (V, F, M) by subobjects. Therefore, Y,
preserves W, and, as N is a (—1, —1) morphism of the limit mixed Hodge structure (V, F, M),
[Yar, N] = —2N. So, by Theorem 13.2, (V, N, F, M) gives rise to a grading Yw =Y (N, Yz 1))
of W and an sly-triple (Ng, H, N.).
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Because of the uniqueness of Yy, the construction of the sls-triple is functorial. In other
words, Theorem 13.2 gives rise to a functor Nilp; ~ Repsly associating to every admissible
nilpotent orbit (V, N, F, W) the representation py :slp — End V' determined by the slp-triple
(No, H, N,). Tt follows that there is a homomorphism SLs — Aut®(w;) where w; : Nilp; —
Vectr is the forgetful functor. By restriction, we obtain a homomorphism hgy,, : SLy — 9 =
Aut®(w ] Split,).

On the other hand, if (V, N, F, W) is in Split;, then, by definition, the limit mixed Hodge
structure (V, F, M (N, W)) is split. Thus there is an action of Deligne’s group S on V. From this,
it follows that there is a group homomorphism Ay, : S — 9015.

13.4 Let T denote the split mixed Hodge structure R & R(1). So Tg = C with real basis e :=1
in Téo’o) and f:=2mi € Té_l’_l). The action of S on T induces an embedding i : S — GL(T).
This in turn induces an action of S on SL(T") given by

a(s)(y) = ir(s)vir(s)~".
With respect to the ordered basis (e, f), the Lie algebra sl(T') is, of course, identified with

sly. It has real basis
(00 . 1 0 — 01
ng = 1 0 5 = O _1 y 4+ = 0 0 .

Moreover, from the Hodge structure on T, sl(T') inherits a split mixed Hodge structure, and,
thus, an action of S. It is easy to see that this action on sla(7") is simply the Lie derivative on
the above action on a on SLy(T).

LEmMMA 13.5. Let (V, N, F, W) be an object in Split,. Then:
(i) Yw =Y (N, Y(gar)) is a morphism of the limit mixed Hodge structure Vg, ar);

(ii) N; € End V((F_i/[;l) for all i and each Nj is real;

(ii) N* is a real element of End V((;”i/‘),).

Proof. (i) Consider the action pjy :S — Aut V of S on V' induced by the split mixed Hodge
structure (F, M). The map Yjs is a morphism of the Hodge structure (V, F, M). Therefore S
fixes Y3s. On the other hand, N induces a morphism V' — V(1) relative to the Hodge structure
(V, F, M). Therefore, N is real of type (—1, —1) relative to the mixed Hodge structure (V, F, M).
Consequently, N is fixed by s(S') C'S. Now, it follows from the uniqueness of M = M (N, W)
and of Y(N,Y(ra) that, if g is any endomorphism of V¢ fixing W, Y(gan and N, we
have gYyrg ' = Y(gNg_l,gY(RM)g_l) =Y. The filtration W on V is by sub-mixed-Hodge
structures of (V, F, M). Therefore, W is fixed by S. So Yy is fixed by all g € s(S'). Consequently,
Yw € @ End V((Z‘?”ﬁ). Moreover, since N and Y{f, 57y are real, the uniqueness of Y (N, Y 1)) shows

1(00)

(F.M) S desired. It

that Yy is also real. Since Yy commutes with Y, we have Yy € End
therefore follows that Yy is a morphism of (V, F, M).

(ii) Let pw : G, — Aut V' denote the action of G, induced by the grading Yy . Then, by (i),
we see that py commutes with the action of S induced by the Hodge structure (F, M). Therefore,

the group G,, x S acts on V via py X piim. We have already noted that N € End V((F_]t[;l) in (i).

It follows from the fact that py commutes with py, that N; € End V((F_J{/[;l) as well. The
uniqueness of the N; shows that they are real.
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(iii) Since Yy and Yy are both morphisms of the split mixed Hodge structure (V, F, M),
H =Yy — Yy is as well. Since N, is uniquely determined by the pair (Ny, H), and Ny and H
are both fixed by the action pjj, 0 s: 81 — Aut V, N is also fixed by this S' action. Moreover,
since Ny and H are real N is also real. Therefore IV, is a real element of & End 1/(%7’11\’/)[). On the
other hand, since [H, Y] = [No, Y] =0, it follows that [Ny, Y| =0. Therefore [Yis, N4] =

. 1,1
[H + Yi, Ny] = [H, N+] + [Yiv, Ny] = [H, N+] = 2N, This shows that N, € End V((FJ\}). O

Remark 13.6. Part (i) of Lemma 13.5 together with Corollary 12.7 implies that Y (N, Y(rar))

and Y(eiN - F, W) coincide (because both splittings are morphisms of the limit mixed Hodge
structure). This proves Lemma 2.20 (once Theorem 12.4 is established).

COROLLARY 13.7. In 9y, we have
hlim<3>hSL2 (’y)hlim(s)_l = hhm(a(s)(’y)). (13.7.1)

Proof. If (V, N, F, W) is in Split;, we obtain a group homomorphism py : 9; — Aut(V). To
prove the proposition, it suffices to show that, for any such V, the equation (13.7.1) holds when
pv is applied to both sides. This follows from Lemma 13.5 because the action a of S on SLs is
exactly the one which gives ng, h and n4 the Hodge types of the lemma. O

COROLLARY 13.8. Let S act on SLs via a. Then there is a unique morphism
p1 2 SLa xS — 904
such that hgy,,(v) = p1(7, 1) for v € SLg and hy, () = p1(1, @) for a € S.
Proof. This follows from Corollary 13.7 and the definition of the semi-direct product. O

ProposiTiON 13.9. Consider the homomorphism iy : G, — SLa XS given by

i) = (% ) ut@):

Set Py :=1iw(G,,). Then Py is central in SLy XS.

Proof. We first show that Py centralizes SLy. This follows from the fact that the action of w(«)
on SLo coincides with the adjoint action of the matrix

(6 %)

On the other hand, S centralizes the subgroup D of diagonal matrices in SLo. From this it follows
that Py centralizes S. Therefore Py centralizes SLoy XS. O

COROLLARY 13.10. Let S denote the subgroup of SLs XS consisting of elements of the form
(1,s(B)) for B € S'. Then S is isomorphic to S' and central in SLy xS. Moreover the center of
SLo XS is the product Py S = Py x S.

Proof. Clearly S is isomorphic to S', and S is central in SLy xS because S acts trivially on SLs.
It is also clear that SN Py = {1}. Therefore SPy =S x Py is a subgroup of SLy xS. To see
that S x Py is the connected component of the center, note that SLy xS is reductive (as it is an
extension of reductive groups). It is of complex rank 3 since ranks are additive in extensions, and
it has semi-simple rank 1 since SL» is its derived subgroup. Therefore the connected component
of the center must be a rank 2 torus. So it must be Py .S. O
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COROLLARY 13.11. Consider the morphism 7 :SLy x Py x S — SLg xS given by (v, a, 7) +—
~yar. It is a surjective homomorphism of algebraic groups with kernel a diagonally embedded
copy of ps. In other words, the homomorphism 7 sets up an isomorphism

SLy xS 22 (SLy XGyy x 81/ pto.

Proof. Suppose G is a (connected) reductive group with derived subgroup G4 and with Z(G)°
the connected component of the center. Then it is well known from the theory of reductive
groups that the morphism G9°* x Z(G)? — G given by (g, 2) — gz is a surjective and faithfully
flat homomorphism with kernel isomorphic to Z(G)? N Z(G9). (The kernel consists of pairs
(9,97 ") where g € Z(G)° N Z(G9r).)

So, set G'=SLy xS. Then G = SLy, Z(G)? = Py'S and the intersection Z(G)° N Z(G9er)
is simply Z(G9") 2 py. It is embedded diagonally in the product SLy x Py x S. O

13.12 Set G =SLy xS, and let G =SLy xG,, x S! so that G = G/ug where po is acting
diagonally. If Bgr, denotes the upper triangular matrices in SLg, then B:= Bsr, X G, x St
is a Borel subgroup of G. Let T denote the maximal torus in G generated by the diagonal
matrices in the SLy factor and the connected component of the center Z(G)? =G, x S*. Write
diag : G,, — SLo for the map z — (g 291). If we fix an isomorphism splitg: : G,, ® C — S¢, then
we get an isomorphism split; = diag x id X splitg: : Gf’nc — Tc. This gives an identification of Z3
with X*(T¢) sending (a, b, ¢) € Z to the character y = X(ab,e) With x(splits(21, 22, 23)) = 232825,

Let T denote the image of T’ in G, then the canonical map X*(T') — X*(T) identifies X*(T)
with the triples (a, b, ¢) : 2|a + b+ ¢. Let B denote the image of B in G. The action of Gal(C/R)
on X*(T) sends (a,b,c) to (a,b, —c). It follows easily from the theory of representation of
reductive groups that irreducible representations of G¢ are classified by weights which are positive
with respect to B; that is, complex representations of G are classified by triples (a, b, ¢) such that
a >0 and 2|a 4+ b+ c¢. Write V(a, b, ¢) for the representation associated to the triples (a, b, ¢). If
¢ =0, then V(a, b, ¢) is defined over R. Otherwise, it follows from the theory of representations
of real reductive groups (see [Tit71]) that there is a real representation E(a, b, ¢) of G such that
E(a,b,c) @ C=V(a,b,c) ®V(a,b, —c). Thus, if we set E(a,b,0)="V(a,b,0), we find that the
representations of G are classified by triples (a, b, ¢) such that 2|la + b+ ¢ and a, ¢ > 0. To sum
up, we obtain the following theorem.

THEOREM 13.13. For each triple (a, b, c¢) € Z> with 2|a + b+ ¢ and a, c > 0, there is a unique
irreducible representation E(a, b, c) of G' such that E(a, b, c) ® C has a component of highest
weight (a, b, ¢) under the above identification of Z> with X*(T).

13.14 Composing p1 : G — My with 7w : Py — Sy, we obtain a morphism p; : G — S;. Thus we
obtain a functor p1*: S; — Rep G. We want to describe the image of certain SLo orbits under
this functor. To do this, first consider the standard SLg-orbit Std := (V, N, F, W) where

V =C? with basis e = (1,0), f = (0, 1),
00
v=(00)

WV = 0, <1,
V, i>1,
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Ve, i<1,
FPVC: (Ce, iIl,
0, i>1.

Then the limit mixed Hodge structure associated to Std is R @ R(—1) and the sly action is the
standard representation. It follows that the action of S C G on V is trivial, and the relative
weight filtration M is given by

0, <0,
MV ={Rf, iel0,1],
vV, i>2.

Therefore, Yas(e) =2, Y (f) =0. So, iw(a) € G acts on V' by

a”t 0 a? 0 (a0
(o 2) (5 9= %)
It follows that p7 Std is isomorphic to E(1,1,0).

For each non-negative integer a, let S(a) denote the symmetric product Sym® Std. Then
piS(a) = E(a, a,0).

The representations of G associated to the constant variations are very easy to describe.
The homomorphism G — S obtained by the composition of p; with const:S; — S is simply
the canonical homomorphism G =SL;x S — S. It follows that the Tate Hodge structure R(k)
corresponds to the constant SLo-orbit E(0, 2k, 0).

Suppose p, ¢ are integers with p > ¢. Let F(p, q) denote an irreducible real Hodge structure
of weight p + ¢ with underlying vector space H and with dim HP?=1. Then S C G acts on

~Y

H¢ with weights +p — ¢ and Py C G acts on V' via the character z — 2’79, Thus piE(p, q) =
EQO,p+4q,p—q).
COROLLARY 13.15. The tensor functor S; — Rep G is essentially surjective.

Proof. Since G is a real reductive group, all representations of G are decomposable into
irreducibles. Thus, it suffices to show that every irreducible representation of G is in the essential
image of S — Rep G.

To do this, it suffices to note that, when 2|a + b+ ¢ and a, ¢ > 0 then,

pi{ S =), c=0,
)
ﬁ’f(S(a)®E<b+;_a,b_;_a>>, ¢>0. (13'1?

THEOREM 13.16. The homomorphism G — Sy is an isomorphism.

E(a,b,c) =

Proof. It is equivalent to show that the tensor functor pj:S; — Rep G is an equivalence of
categories. To do this, we need to show that pj is fully faithful and essentially surjective. That p}
is faithful is clear (because the functor S; — Vecty is faithful). That p} is essentially surjective
is the content of Corollary 13.15.

To show that pj is full, it suffices to show that Homs, (Vi, V2) — Homg (V1, Va) is surjective
when V,; = (V;, N;, W;, F;) are two pure objects in Sy of the same weight. But this is clear because
the G = SLy XS action on V; determines both N; and Fj: the action of SLy determines N; and
the action of S determines F. O
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13.17 From now on we use Theorem 13.16 to identify S1 with G = SLo xS. We want to explain
explicitly how to get an SLo-orbit from a representation p:S; — Aut(V). As we said above,
N is determined by the action of SLo. It is the image of ng €sly in End V. Furthermore,
the Hodge filtration F is determined by the S action as is the relative weight filtration M.
The weight filtration W is the filtration of V' corresponding to the central co-character iy of
Proposition 13.9. To check this, it suffices to check that it is true on the constant variations and
on the standard SLe-orbit Std. If V' is an SLy-orbit, both M and W are canonically split by Yis
and Yy =Y (N, Yar). Moreover Yy is a morphism of SLy-orbits. We say that an element v € V
is pure of weight m for M and w for W if Y/ (v) = mv and Yy (v) = wo.

14. The main theorem

14.1 For each z in the upper-half plane, b, Proposition 12.3 gives us a homomorphism sp, : 9t —
9;. On the other hand, if (V, N, F, W) is an object in Sy then (V, e*N F, W) is split. Thus we
have a homomorphism sp, : S — S; making the diagram

M ———S

A

My le

commute. To describe sp, explicitly, let s; : ST — SLy denote the homomorphism of real algebraic

groups given by
T Y
(z,y) — (_:U y >

where we regard S! as Spec Rz, y]/(z% + y* — 1). For z =u + iv € b, set

1 0 _
A, = (u v)’ s.(0)=A.,0AL.
We then have a homomorphism S, : S! — S; =SLy xS given by S.(0) = (s.(0), s(c)). If we
represent S via the quotient map w x s: Gy, x S' — S with kernel ps, we have sp,()\, o) =
iw (A\)S: (o). Note that sp,(—1, —1) =1, so the map factors through to S.

14.2 For each integer k < —2, let Ej denote the S; representation E(—k —2,k,0). So E_o
corresponds to the constant nilpotent orbit R(1) and F_j3 is a 2-dimensional non-constant
nilpotent orbit of weight —3. In general, Ey = (Sym~*~2 E(1, —1,0)) ® R(1). Set E = @ F},. Since
FEj. corresponds to a pure nilpotent orbit of weight k, E is a graded vector space. In fact, the
action of G,,, on FE via iy : G, — S induces the grading.

14.3 Here is one way to view E as a representation of S;. Recall from (13.4) the mixed Hodge
structure 7' = R & R(1) with basis e in the R factor and f = (27) in the R(1) factor. Then Sym* T
can be viewed as the polynomial ring Cle, f]. It inherits an sly action described in (13.4), which,
together with the S action, induces a representation of S; = SLgs xS. It is isomorphic to the
SLy-orbit E(1, —1,0).

Then, if we let R(1) denote the constant SLg-orbit, E = (Sym*7T)® R(1). For each
integer, k < —2, write ny for e **2 ® (27i) € E. Since n,e=0, nyng =0 for all k< —2. The
element e € T is in T((}(«Z:?\}y SO ny € E((E\’/[_l). Similarly f € T((I;]l\}gl), so By = M_1E, for all k.
Thus £ = M_1 E. Similarly, since e has weight —1 for W, nj has weight —k + 2 — 2= —Fk for W.
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14.4 Let £; denote the free Lie algebra on the graded vector space E. From FE, £; inherits
a grading: £ =@ £1(¢). In fact, the group S; acts on £;. For each integer m, we let
WL = @Km £1(7). Then it is rather easy to see that W,,£; is an ideal in £; stable under the
action of S;. Moreover, the Lie algebras £1/W,,£; are finite dimensional, nilpotent Lie algebras
equipped with compatible actions of S;. Let K;(n) denote the unipotent Lie group associated
with £1/W,,£1. Then S acts on Kj(n) and, thus, on the affine group scheme K := @1 Ki(n).
Set G1 =K1 X S;.

LEMMA 14.5. Let U; denote the category of finite-dimensional real vector spaces V equipped
with a linear map pg : E — End V such that:

(i) pgr(u) is nilpotent for all u € E;
(ii) pp(WiE) =0 for k <0.

Then the functor p — p g is an equivalence from the category Rep K; to the category Uj.

Proof. We leave this exercise in unraveling the definition of K; to the reader. O

14.6 Suppose p: G; — Aut V is a representation of GG; on a finite-dimensional vector space V.
The restriction of p to K7 induces a representation of the Lie algebra £; which is trivial on W, £;
for some n. For k < —2, let Ny € End V denote the image of ny € £ C £1. The restriction of p
to the semi-direct factor S; of G; induces a representation of the Lie algebra sly. Let Ny, H and
N, denote the images of the elements ng, h and ny respectively. The Si-action on V' gives V the
structure of an SLy-orbit V = (V, Ny, F, W). Setting M = M (Ny, W) and using the definition
of Gy as a semi-direct product, we find that Ny € End V((Fj/’[;l) and Yy (Vi) = —kNg. Since
Ni(ng) =0, [Ny, Ni] =0 as well.

14.7 Consider the category C;p consisting of SLas-orbits V' equipped with a family of nilpotent
operators Ni (k< —2) such that Ni € End Vi oY, iy (Ny) = —2Nj, and [Ny, Ni] =0. The
morphisms in C; are simply morphisms of SLo-orbits respecting the Ni. The category C; has
the structure of a neutral Tannakian category in an obvious way. By (14.6), we have a functor
Res: Rep G1 — C; of Tannakian categories.

ProposiTiON 14.8. The functor Res: Rep G1 — Cj is an equivalence.

Proof. Since G1 =K x S1, to give a representation R of G is the same thing as to give
representations Rx and Rg of K; and S; respectively such that, for s€S; and k€ Kq,
Rs(s)Ri(k)Rs(s)™! = Ri(s.k) (where s.k denotes the effect of s acting on k). Since (by
Lemma 14.5) representations of K are determined by their restrictions to E, to give a
representation of (G1 on a finite-dimensional vector space V is actually the same thing as giving
representations Rp : £ — End V satisfying the conditions of the lemma along with the condition
that

Rs(s)Rp(e)Rs(s) ' = Rp(s.e) forallec E,sc€S;. (14.8.1)

Suppose then that V in C; is given. Then by definition we have a representation Rg :
S1 — Aut V' which determines operators Ny and Ny on V along with nilpotent operators N
(k < —2) satisfying [Ny, Ni| =0 for all k. Using the fact that ny.ng and [N4, Ni] are both 0 for
k < —2, it is not hard to see that Rg(nd.ng) := (ad No)* Ny, for k < —2 unambiguously defines a
map Rp: E — End V satisfying (14.8.1). Thus, from an object V' in C;, we have a representation
R of G. It is now simple to check that Res(R) = V. Thus, we have an equivalence of categories. O
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14.9 By Deligne’s theorem (Theorem 13.2) along with Lemma 13.5, we have a Tannakian functor
h¥ : Split; — C; sending a nilpotent orbit (V, N, F, W) with limit split over R to the associated
SLg-orbit (V, Ny, F, W) along with the data of the Ny for k < —2. By Proposition 14.8, this
produces a homomorphism hq : G1 — MM of affine group schemes.

THEOREM 14.10. The homomorphism hy : G1 — 91 is an isomorphism.

Proof. We need to show that the functor Split; — C; is fully faithful and essentially surjective.
It is obvious that the functor is faithful, and full is also easy. So suppose V is an object in
C;. Explicitly, V consists of the data (V, Ny, F, W) of an SLy-orbit together with operators Ny
for k < —2 satisfying the conditions in (14.7). Set N =Ny + > ;. 5 Ng. Then we claim that
(V, N, F, W) is an object in Split;.

It follows directly from the definition of the relative weight filtration, that the relative weight
filtration M (N, W) exists and is equal to M (Ng, W). Since Gr" N = GtV N, (Gr", eV . F) =
(G, e?*No . F) is a split mixed Hodge structure for all z in the upper-half plane. Thus,
(V,e*N . F, W) is a mixed Hodge structure for all such z.

To see that (V, N, F, W) is an admissible nilpotent orbit, it remains to check that N(F) c

FP~! for all p. This follows from the fact that all the N; (including Np) are in End V((F_]{/’[;U

Since M (N, W)= M(Ny, W), the object (V, N, F, W) has limit split over R and is, thus, in
Split;. It is easy to see that hj(V, N, F, W) is the original object V in C; that we started out
with. So, h] : Split; — G is an equivalence. O

14.11 Suppose z is a complex number in the upper-half plane. Then we have sp, : 9t — 2y and,
by (14.1), sp, (&) C ;. We thus have the following commutative diagram.

1 Uy My

We want to prove that the restriction of sp, to il is an isomorphism onto ;. To begin, note
the following.

LEMMA 14.12. The affine group schemes i and 31, are abstractly isomorphic by an isomorphism
preserving the filtration W.

Proof. 1t suffices to see that the Lie algebras £ and £ are isomorphic by an isomorphism
preserving the filtration. Now, £ is the free Lie algebra on the graded vector space E while
£c is the free Lie algebra on the symbols D% with i,j <0. It is easily seen that the real
form £ of £¢ is nothing but the free Lie algebra on the graded vector space V =P V;
where dim Vi, ={(4,j):i+j=k,1<0,j <0}. Moreover, the grading on £ is the one induced
from the grading on V. But V is isomorphic to F as a graded vector space, since dim Ej =
dim Sym "2 R? = —k — 1 = dim V}. O

Since 4 and i; are pro-unipotent, it is plausible to show that sp, induces an isomorphism
by showing that the map on the abelianizations induced by sp, is an isomorphism.
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LEMMA 14.13. Suppose g is a nilpotent Lie algebra over a field k and b is a subalgebra. Suppose
b surjects onto g/[g, g]. Then h = g.

Proof. This is essentially [Jac79, Exercise 11, p. 29]. O

Now, since /Wil and 4y /Wil are both nilpotent algebraic groups over R, to show that
sp, induces an isomorphism, it suffices to show that sp, is surjective. By Lemma 14.13, it suffices
to show that sp, is surjective on the abelianizations. This is, in fact, what we are going to do.

LEMMA 14.14. Suppose H is an SLo-orbit, and let R denote the constant SLy orbit of weight
0. Then Extéplitl (R, H) = Hom(E, H)®'. If H is irreducible and pure of weight —k — 2, then we
have

R H=F,

EXtéplit1 (Ra H) = {O else

Proof. First note that we can assume that H is irreducible of weight n for some integer n.
If V is an extension of R by H, then W,_19; acts trivially on V. So, Extéphtl(]R, H) =
Ext;ﬁl(n_l)(R, H). We can compute the latter extension group by means of the inflation-
restriction sequence for the short exact sequence of algebraic groups

1-Un—-1)—-Mn—-1)—S; —1.

We see that the extension group is H'(9Mi(n — 1), H) = H'(U;(n — 1), H)S: = Hom( (n —
1)2> H)St = Hom(E, H)S'. Here we use the fact that the abelianization of l;(n) is simply
@k}n Ek

The FEj are all irreducible as S; representations even when base-changed to C. So
Hom(Ey, E;)®* =R. Since Ej, has weight —k — 2, the formula for the extension group in the
case that H is irreducible of weight —k — 2 follows. O

ProproOSITION 14.15. Let R denote the constant SLo-orbit of weight 0, and suppose z is a number
in the upper-half plane. Let V be a non-zero element in the extension group Extéphtl(]l{, Ey).
Then, on V', each 4, , with p 4+ q = —k, p, ¢ <0 is non-zero.

Proof. We have N = Ny + N, and F(z) =e*"N - F. Since V is split over R, there is a unique
(0,0)
F,M

Extéphtl(]R, EL) =R, we can assume that Ny(u) = e *72 @ (27i) € Ej.

We have e € T ((g:?&) and f € T(}b\;)l. It follows that

Cle+zf)*(e+ 2f)" © (2mi) = (E'k);_‘_(z)_L—a—l).

element u of V( ) projecting onto 1 in R. By multiplying the class of V' in the extension group

Now, we have
eiz(e—i—if)—%(e—i—zf)
N Z—Zz

So
H2on) ==t (T ek i)

a+b=—k—2
We could use this to compute the d,, directly. However, we only need to show that
each 6y, is non-zero. For this, pick p,q with p,q¢<0 and p+g¢g=—k. Let H denote the

irreducible Hodge substructure of (Ej)p(.) with a Hg’(z; # 0. Thus H is generated as a C vector
space by (e +zf) 9 e+ 2f) P 1 ® (2mi) and (e + zf) P e+ 2f) %! ® (2mi). Note that
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Extips(R, H) = He/(F°(2)H + Hg). But FO(2)H = 0, so Extiys(R, H) = He/Hg. The image
of the extension class of V' in Ext};yq(R, H) is then the projection of 2Ny (u) = ze™*=2 @ (2mi)
onto He/Hg. But, since each component in the above expression for e =2 @ (2mi) is non-zero
and e7*~2 ® (27i) is real, the image of V' in Exty (R, H) is easily seen to be non-zero. Therefore

Opq 7 0. O

COROLLARY 14.16. The map sp, : 4 — 4, is an isomorphism.

Proof. It suffices to show that, for each integer n < 0, the map of unipotent real algebraic groups
sp, : 4(n) — Ly (n) is an isomorphism. For this it suffices to show that the maps on the Lie
algebras are isomorphisms. Since the Lie algebras are nilpotent and of the same dimension
over R, it suffices to show that the map induced on the abelianizations is surjective. So, set
£(n) = L/W,& and £,(n) := £1/W,L;. It suffices to show that the map s, : £°(n) — £3°(n)
induced by sp, is an isomorphism from each n. This map is S-equivariant, where S is acting on
£1(n) via conjugation. For p < ¢ <0 write H(p, q) for the unique irreducible real pure Hodge
structure with H(p, ¢)"% #0. Then, with the given S-action, £2’(n) is a direct sum of the
H(p, q) such that p+ ¢> —n with each irreducible factor appearing exactly once. Suppose
the map s, has a kernel. Then there is some (p, ¢) with H(p, q) in the kernel. Set p+ ¢ =k > n.
Then, if V' denotes a non-zero extension in Extéphtl(]R, E}), we will have 6, , =0 for the Hodge
structure V(p(;)w). This contradicts Proposition 14.15. O

Proof of Theorem 12.4. The only thing left to prove is part (iv) of the theorem. Recall that
im Gy — 9 denotes the homomorphism inducing the splitting of the relative weight filtration
M and H denotes the image of ip;. Now all elements of Ej are in M_; (see §14.3). So the
grading induced by M on the free Lie algebra £; on E puts all elements of £; in negative
weight. Therefore, for each n, the intersection of H with il is trivial.

The fact that 5p,;(w(Gy,)) is central in S; was proved in Proposition 13.9. O
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