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Abstract

We examine a class of ergodic transformations on a probability measure space (X, 1) and show that they
extend to representations of B(L?(X, u)) that are both implemented by a Cuntz family and ergodic. This
class contains several known examples, which are unified in our work. During the analysis of the existence
and uniqueness of this Cuntz family, we find several results of independent interest. Most notably, we
prove a decomposition of X for N-to-one local homeomorphisms that is connected to the orthonormal
bases of certain Hilbert modules.
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1. Introduction

There is considerable interest in endomorphisms of nonselfadjoint operator algebras.
As in the theory of automorphisms of C*-algebras, where one asks if a representation
of the algebra admits a unitary operator which implements the automorphism, in the
case of endomorphisms there are various ways in which an endomorphism might
be implemented. In this paper, we examine the case when an endomorphism of
C(X), arising from a local homeomorphism, admits a representation in which the
endomorphism is realised by a family of Cuntz isometries. In other words, if « is
the endomorphism of C(X) associated with a representation &, when does there exist a
family S4,..., Sy of Cuntz isometries such that

N
ra(f) =Y S;x(f)s; forall f€C(X)?
j=1

Such a quantisation of the dynamical system gives rise to a number of questions
relating the intrinsic properties of @ to operator theoretic properties of the algebras
related to 7(C(X)) and Sy, ..., S y. In this paper, we address the problem of ergodicity.

We are motivated by and extend the recent work of Courtney et al. [1], in association
with earlier work of Laca [7] on ergodic transformations of B(H). In contrast to our
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previous work [6], which focuses on the abstract operator algebraic point of view, here
we analyse a class of particular transformations ¢: X — X of a probability measure
space (X,u). This leads to an analysis of a class of transformations of (X, u) and
connects to the existence of a basis for Hilbert modules.

There are several well known examples (including the backward shift on infinite
words on N symbols, where N is finite, and finite Blaschke products with N factors)
where such transformations yield an endomorphism «: L*(X, u) — L™(X, u) that
is implemented by a Cuntz family. Our goal here is two-fold. Firstly, we give
conditions under which a transformation ¢: X — X defines such an endomorphism
a: L7 (X,u) = L=(X, ) so that a(f) = f o ¢ (Proposition 2.2). Secondly, we show that
ergodicity of ¢: X — X (as a transformation of a probability measure space) implies
ergodicity of the induced as : B(L*(X, i) — B(L*(X, 1)) as a representation of a von
Neumann algebra (Theorem 3.2).

The existence of a Cuntz family implementing a: L™ (X, i) — L™(X, 1) is connected
to a decomposition of the space X based on a maximal family of sets (Lemma 3.1).
One may ask whether different decompositions yield the same extension. We show
that the answer to this question is connected to the existence of an orthonormal basis
of a suitable W*-module (Proposition 4.5). As a consequence, we obtain a complete
invariant on multiplicity n crossed products after Stacey [12] (Corollary 4.6).

A useful tool for the study of the endomorphism «: L™(X, u) — L*(X, u) is the
intertwining Hilbert module E(X, ) used in Section 4. This construction appears in
the work of Muhly and Solel [10]; however, we will not require the technology of the
induced representations. Under certain conditions on the transformation ¢: X — X,
there is a transfer operator, and our setting encompasses several cases, including
that described in [1, Theorem 5.2]. We conclude by showing that the existence of
a basis for the Hilbert module E(X, i) is equivalent to the existence of a Cuntz family
implementing «: L*(X, u) — L*(X, u) and, in turn, is equivalent to the existence of a
basis for L™ (X, u) viewed as a Hilbert module, where the inner product is defined by
the transfer operator (Theorem 5.2).

Hilbert modules may not have a well-defined (up to unitary equivalence) basis,
in contrast to Hilbert spaces. Therefore, it is central to our analysis to achieve a
well-defined basis. For example, O, is unitarily equivalent to }};_, O, for all n € N,
as Hilbert modules over O, (Remark 4.2). This phenomenon is also connected to
the multiplicity of multivariable C*-dynamics [5] and produces an obstacle for the
classification of these objects. To tackle this problem, Gipson [4] develops the notion
of the invariant basis number for C*-algebras, along with an in-depth analysis of C*-
algebras that do (or do not) attain such a number.

2. Preliminaries

Let us begin with a general comment on *-endomorphisms ag of B(H) that are
implemented by a Cuntz family {S{, ..., S y}: that is,

N
as(T) = Z S;TS; forall T € B(H).
i=1
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We write Oy = C*(S1,...,S y) for the Cuntz algebra [2] inside B(H). Both a5 and the
restriction aslo,, of @s to Oy are injective, but they are not onto for N > 1. Indeed, if
there is a T € B(H) such that as(T) = 0, then

T=81S:1TS|S1=Sas(T)S; =0.
Furthermore, if there is a T € Oy such that ag(T) = Sy, then
I=81S1=8las(T)=TS],
and hence S| is a unitary, which holds if and only if N = 1.
Let (X, ) and (Y,v) be compact Hausdorff spaces, endowed with their Borel

structure and measures u and v. Then a continuous map ¢: (X, u) — (¥, v) is a Borel
homomorphism. However, the mapping

a: (L2 ) lleo) = (L7, - Hleo) 2 f > fog,
where || - || i the essential sup-norm, may not even be well defined. In particular,
one can show that a is well defined if and only if u o ¢! < v (that is, the set map ¢~
preserves the v-null sets). When ¢(Y) is, in addition, a Borel set, « is well defined and
injective if and only if v(¢(Y)°) = O (that is, ¢ is almost onto X) and o ¢~' ~ v.

In general, a Borel map ¢: X — Y is said to preserve the v-null sets if vo ¢ < u. In
this case, v < 1 o ¢!, Note here that, if v o ¢ < p, then ¢(E) is Borel for every Borel
subset E of X. Indeed, a Borel subset E of X is the union of an F,, set A and a y-null
set N. Then ¢(N) is a v-null set, and compactness of X implies that A is o-compact.
Hence ¢(A) is Borel; thus ¢(E) is measurable.

Recall that, if ¢: X — Y is a Borel map, then a mapping ¢ : ¢(X) — X is called a
Borel (cross) section of ¢, where y is a Borel map and ¢ o ¢/ = idyx).

ProrosiTiON 2.1. Let ¢: X — Y be an onto map, such that ¢ and ¢~" preserve the null
sets, and let . Y — X be a Borel section of ¢. Then Xy := y(Y) is Borel and there is
an isometry S : L*(Y,v) — L*(X, u) such that
Mfo‘PlLZ(XO,Vb(O) = SMfS* for all f € LOO(Y, V).

Proor. Observe that i preserves the null sets (which implies that X is Borel). Since
uog ! < v, then u < vog. Foranull set ECY, we have v o p((E)) = v(E) = 0,
and thus u o Y(E) = 0. Note that, since Xy is Borel, then ¢|x, is a Borel isomorphism
with ¢: ¥ — X as an inverse.

On the other hand, if g o Y(E) = 0, then v(E) = v o o(¥/(E)) = 0, since ¢ preserves
the null sets. Therefore, v is equivalent to p oy = ulx, oy and the Radon-
Nikodym derivative u = d(ulx, o ¥)/dv is defined. It is a standard fact that the operator
S¢: L*(Xo, plx,) = L*(Y, v), defined by

So(g)=goy-u'? forall g € L*(Xo, ulx,),
is a unitary such that
Mf"‘ﬁle(Xo,leU) = SOMJ'SS for all f € LOO(Y, V).

Extend S trivially to §* on L*(X, u) = L*(Xo, ulx,) & L*(X, ulxc). Then the adjoint §
of S* is an isometry and gives the required equation. O
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ProposITION 2.2. Let ¢: X — Y be an onto map, such that ¢ and ¢~" preserve the null
sets. Suppose that there is a family {Y1, ..., ¥n} of N Borel sections of ¢ such that
YY) Ny (Y)=0fori+# j, and | J;yi(Y) is almost equal to X. Then there is a Cuntz
family that implements «.

Proor. For every i = 1,..., N, let X; = ¢;(Y) and let S; be constructed as above on
X; = L*(X;, plx,)- Note that X; L X fori # j. Thus, if Xo = J; X; and Xo = P, X;, we
get M1|X! = M,q)lx, = SiM1S; = S;S7, and therefore

N N
Magplx, = ) Maplx, = ) SiMyS;.
pan i1

Since X = |J; X; a.e., we obtain Iy, = Mylx, = Y%, Mily, = X, SiSf. Finally, Xo is
almost equal to X: hence L*(X,v) = X, and the proof is complete. O

3. Ergodic extensions

Let (X, u) be a probability measure space such that X is a compact Hausdorft space
and u is a regular Borel measure on X. A measure preserving map ¢: X — X induces
an injective *-homomorphism a: L*(X, u) — L*(X,u). We are interested in the case
where @ is implemented by a Cuntz family {S;}" | in B(L*(X,w)). In this case, @ extends
to an injective *-endomorphism as of B(L*(X,u)). A natural question is whether
ergodicity of the mapping ¢ implies ergodicity of the #-endomorphism a. Recall that
as is ergodic if the von Neumann algebra Ny, :={T € B(H) | as(T) = T} is trivial.
We aim to give a positive answer for a class of ergodic mappings that includes central
examples.

Recall that a map ¢: X — X is called a local homeomorphism if, for every point
x € X, there is a neighbourhood U such that ¢|y is a homeomorphism onto its
image. Clearly, local homeomorphisms are continuous and open. We begin with a
decomposition lemma tailored to our study.

Lemma 3.1. Let ¢ be a local homeomorphism of a compact Hausdorff space X such
that |¢~"(x)l = N > 1 for all x € X. Then there exist pairwise disjoint open subsets
Uy, ..., Uy such that:

(1)  ¢ly, is one-to-one foralli=1,...,n;
2) oWUp)=eWU) foralli,j=1,...,N;
3) X=UN,(U;vau)); and

@ X=9U)VUdpU;) foralli=1,...,N.

Moreover, (0U;) C 0p(U;) and ¢~ (0p(U;)) = ?’zl oUj, foralli=1,...,N.
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Proor. Firstly, let us construct a family that satisfies (1) and (2). Let ¥ be the
collection that consists of {Uj, ..., Uy} such that U; are open and disjoint, ¢|y, is
one-to-one foralli=1,...,N and o(U;) = (U)).

Claim. The collection ¥ is nonempty.

Proof of Claim. Choose y € X and suppose that xi, ..., xy are the N pre-images of y.
Let V; be a neighbourhood of x; such that ¢|y, is one-to-one. Since X is a Hausdorff
space, we can choose V; to be disjoint. Moreover, ¢(U;) are open sets, since ¢ is an
open map. Let V = ﬂf\il @(V;), which is open, and let U; = ¢~ !(V) N V;. Then the U;
are disjoint and ¢|y, is one-to-one, since the U; are subsets of the V;. In addition

eU)=pog ' (V)Ne(V)=VNneV)=V,

and the proof of the claim is complete.
The collection 7 is endowed with the partial order ‘<’ such that

{Ul,...,UN}S{Vl,...,VN} ifU,‘gVi, forallizl,...,N.

Let € = {{U]f, e Ullﬁ,} | k € I} be a chain in ¥, with the understanding that, when
(UL, ..., U} <{U, ... Uy}, UFCU! for all i=1,...,N. Then the element
{Ux Ut, ..., U Uk} is an upper bound for € inside . Indeed, it suffices to prove
that the | J, U l" are disjoint (with respect to the indices i). If there were an x in two
such unions, then there would be some %, € I such that x € U lk NnNU j Without loss of
generality, assume {U’l‘, e, Ullﬁ,} < {U{, e, Uzlv}’ so that x € U;‘ N Ué C Uf N U§. =0,
which is absurd. Thus the collection ¥ has a maximal element by Zorn’s Lemma.
From now on, fix this maximal element to be {Uy,..., Uy}. By definition, the sets
Uy, ..., Uy satisfy the properties (1) and (2) of the statement.

Secondly, we prove that X = ¢o(U;) U dp(U;), fori=1,...,N, where {U, ..., Uy}
is the maximal family constructed above. Since X \ ¢(U;) is closed, it suffices to show
that it has empty interior. To this end, let V be an open neighbourhood of some y €
int(X \ ¢(U;)) with N pre-images xi, ..., xy. Then ¢~'(V) is open, contains the x; and
e ' (V)N (UY, Up) = 0. Indeed, if z € o' (V) N (UY, U)), then ¢(z) = V N (U;) = 0,
which is absurd. As in the proof of the claim above, we can find neighbourhoods V; of
x; inside ¢~ !(V) such that V; are disjoint, ¢ly, is one-to-one and ¢(V;) = V, perhaps by
passing to a sub-neighbourhood of y. Therefore, the family {U; U Vy,..., Uy U Vy}is
in F, which contradicts the maximality of {U}, ..., Uy}.

Thirdly, we show that X = Uﬁi {(U; U aU;). It suffices to show that the closed set
X\ (Uﬁil U;) has empty interior. Indeed, in this case, it will coincide with its boundary,
and hence with d( Uf\il U;). Since the U; are open and disjoint, this boundary will
be Uf; , 0(U;). To this end, let U be an open neighbourhood of an element x in the
interior of X \ (UZI(U,- U dU;)). If there were an x’ € U such that ¢(x") € p(U;),
then ¢(x") would have N + 1 pre-images, which is a contradiction. Indeed, recall
that ¢(U;) = ¢(U;) and U; N U; = 0. Therefore, p(U) is contained in the interior of
X\ o(U;). But X \ ¢(U;) has empty interior, which gives the contradiction.
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Finally, let x € 9U;. If ¢(x) € ¢(U;), then the element ¢(x) would have N + 1 pre-
images, which is a contradiction. Therefore, p(0U;) C X \ ¢(U;) = d¢(U;). Note, also,
that by this construction we obtain

N
o oewy =" e =x\Ju; = Ju,
1 1
foralli=1,...,N, and the proof of the lemma is complete. O

Let ¢ be as in Lemma 3.1, such that ¢ and ¢! preserve the null sets. If {U;}Y  is

i=1
the family satisfying the properties of Lemma 3.1 and
the OU; (equivalently the ¢(0U;)) are null sets,

then the *-endomorphism «a: L*(X, u) — L*(X,u) : f — f o ¢ is implemented by a
Cuntz family. Indeed, let Xy = Ul}i] U; and Yy = o(U;). Then ¢y := ¢|x, has N Borel
sections ¢, fori=1,..., N, with

Y= lelu]™: Yo - Xo.
Moreover, ¢g and ¢, preserve the null sets. By Proposition 2.2 there is a Cuntz family
{SY, with
Si: LA (Yo, ply) = L*(Xo. plx,)

that implements the representation

L*(Xo, plx,) > f = f oo € L™ (Yo, uly,).

Since X and Y are almost equal to X, the family {Si}f; | implements a.

Given a decomposition of X as above and a finite wordi = i; ... in {1,..., N} we
can define the Borel sets

Uiipie =lx€X | x€Ui,...., ¢ (x) € U,).

This definition is extended to infinite words i = i}i, ... i ... with the understanding
that U; = mk Uiln-ik‘

TueoreMm 3.2. Let (X, u, ¢) be a dynamical system such that:

(1) @isalocal homeomorphism of X such that each point of X has N > 1 pre-images;
) {Ui}?i | is a decomposition of X as in Lemma 3.1 such that the OU; are null sets;
(3) @isergodic and preserves the null sets; and

(4)  the sets U, for i € Fy, generate the o-algebra up to sets of measure zero.

Then «: My Myo, admits an extension as to B(L*(X,m)) which is ergodic.
Furthermore, ag defines (by restriction) an irreducible representation of Oy.
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Proor. Under the assumptions, there is a Cuntz family {S,-}fi , that implements «
and as(T) = f;] S;TS;, the extension of a to B(L*(X, u)), is a weak*-continuous
endomorphism of B(L*(X, u)). Consequently, Ny ={T €eB(H) |as(T)=T} is a
von Neumann algebra. Fix a projection P € N,,. Then as(P)= P implies that
S;P=PS; and S;P = PS}, forall i =1,...,N. In particular, P commutes with the
range projections of the S; and the products of the S;. But these projections are the
characteristic functions of the sets Uj;, for the words i on the symbols {1,..., N}. Since
the sets U; generate the o-algebra up to null sets, the linear span of these projections
is weak*-dense in L™(X, u). It follows that P is in the MASA (maximal abelian sub-
algebra) L*(X, u), and hence P = yg for a measurable set E. However,

M,, = P=as(P) = a(P) = My,o,

and ergodicity of ¢ implies that E is either X or . Thus we obtain N,, = C/. The
second part of the theorem follows by the comments after [7, Definition 3.2]. O

We give examples of dynamical systems that satisfy the conditions of Theorem 3.2.

ExampLes 3.3. The first example is the canonical Cuntz—Krieger example of a
dynamical system associated with Cuntz isometries. Let N € N and

X = l_[{l, ..., N} with measure y = 1_[”"’

k=1 k=1
where each yy = u; for all j, k and such that y;(A) = |A|/N for all AC {1,...,N}. If
we consider X as a compact abelian group, with ‘odometer’ addition, then u is the
Haar measure on X. Let ¢ denote the shift map ¢(iy, i, ...) = (i2,i3,...), which is an
N-to-one local homeomorphism. Then ¢ is ergodic and the conditions of the theorem
are satisfied for the cylinder sets U; := {(i, i2,...) | iy = i} (which are clopen so that
6U,‘ = 0)

A second example arises when X is the circle T, y is Lebesgue measure and ¢ is a
finite Blaschke product with N > 1 factors and zero Denjoy—Wolf fixed point (that is,
at least one of the Blaschke factors is z). Then ¢ is ergodic and the sets U; are arcs on
the circle, so the condition u(0U;) = 0 is satisfied. This example is considered in [1].

In view of Theorem 3.2, one can ask whether the o-algebra generated by the sets
U; with i € F}; always generates the full o-algebra of measurable sets, up to measure
zero. This is not true, as the following example shows.

ExampLE 3.4. Let (X, u, ¢) be the canonical Cuntz—Krieger example as above. Also
let T be an irrational rotation on the circle T with Lebesgue measure. Set ¥ = X x T,
o(x,2) = (p(x),7(2)) and v = u X A. Then (Y,v,0) is ergodic as the product of the
mixing shift map with the ergodic irrational rotation. Let U; = {(i, i2,...) € X | i} = i}
and V; = U; X [0, 1]. Then the V; are as in Lemma 3.1, but the V; withi € ]F; do not
suffice to generate the o-algebra of measurable sets up to measure zero.
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4. Uniqueness of the extension

The reader is referred to the work of Paschke [11] for an introduction to W*-
modules and to [8, 9] for the general theory of C*-modules.

DerintTion 4.1. Let M be a Hilbert module over a unital C*-algebra A. A subset
{é1,...,én} of Mis said to be an orthonormal basis for M if & € M, (&;,&j) = 6;j14
and

N
€= & (&6 forallée M.
i=1

In the case where N = oo, the sum is understood as norm-convergent.

It follows that 3., 6, ¢ = id, with the understanding that the sum is convergent
in the strong topology when N = co. When A is nonunital, we define the basis of M
by using the unitisation A' = A + C. Indeed, we can extend the right action to A! by

E-la+D)=&-a+ A,

for all a € A and A € C. Then the basis of M over A is defined as the basis of M over
A'. This is just to ensure that the formula (£, £;) = 6;;141 makes sense.

Remark 4.2. In general, a Hilbert module may not have an orthonormal basis.
However, W*-modules have a basis {&;} such that (&;, &;) is a projection [11, Theorem
3.12]. Moreover, the size of an orthonormal basis is not well defined, meaning that
there may be bases {s;};e; and {¢;}jc; with |I| # |J|. The reason is that the uniqueness
of the linear combinations is not guaranteed. For a counterexample, let M = O, be
the trivial Hilbert module over itself, where O; is the Cuntz algebra on two generators,
say s; and s,. Then the sets {1p,} and {s, s»} are both bases for the Hilbert module.
Indeed, for & € O,, we trivially have that £ = 1o, - (1o,, ) and

E=(s15) + 5285)€ = 51 - (51, ) + 52+ (52, ),

since 5157 + 255 = lo,.

Therefore, the trivial Hilbert module M = O, over O, is unitarily equivalent to the
(interior) direct sum M + M over O, by the unitary U = [s; s2]. Inductively, we get
that M is unitarily equivalent to ;" ; M for all n € N.

Similarly, Oy is unitarily equivalent to )7, Oy for an infinite number of n € N.
This fact was later considered and examined in much more generality by Gipson [4].

Remark 4.3. Nevertheless, when the Hilbert module is over a stably finite C*-algebra
A, the size is unique. Indeed, let {;};; and {77} je; be two orthonormal bases of such a
Hilbert module M and form the rectangular matrix U = [{£;, 7;)]. Then the (i, j)-entry
of the |I| X |J] matrix UU* is

Y

D €)= ) E i £0) = (6 &) = Syl
k=1 k
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Analogous computations for U*U show that U is a unitary in M;,;(A). Since A is
stably finite, we get that || = |J|. In fact,

(71, .omv] = [€1, -, EnILUG],
and the unitary U is in My(A). In contrast to [7] the unitary U may not be in My(C).
Let @: L™(X,u) = L™(X, u) be a *-homomorphism and define the linear space
EX,p) =T € BIL*(X, 1)) | Ta = a(a)T for all a € L(X, w)}.
Then &(X, 1) becomes a Hilbert module over L= (X, 1) by defining
S-a:=Sa and <(S,T):=8"T
forall a € L*(X,u) and S, T € &(X, w). Indeed, for b € L™ (X, u), we obtain
Sa)b=Sab =Sba=(Sb)a = (a(b)S)a=ad)Sa),
and thus Sa € &(X, u). Also, we have that
S, Ty - b=(S"T)b=S"Tb=S"a(b)T =bS*T =b-(S,T)

for all b € L*(X, u), which implies that (S, T) € L*(X, )’ = L*(X, ). Thus, the inner
product and the right action are well defined, and routine calculations show that &(X, 1)
is a Hilbert module over L™ (X, u). In particular, the Hilbert module &(X, i) becomes a
W#*-correspondence over L™ (X, u) by defining

a-S =a(@sS forallae L”(X,u)and S € EX, u).
Indeed, for b € L™(X, ),
(a-S)b=a(a)Shb = ala)a(b)S = a(b)a(a)S = a(b)a-S),

and hence a - S € &(X, ).

It is evident that (X, u) is a weak*-closed subspace of B(L*(X, u)). Hence, as a self-
dual W*-correspondence, it receives a basis {S;};cr such that (S;,S;) = §;{S; = 0 when
i# j, (S;,S;) = SiS; is a projection in L*(X, u), and T = Y ; $;8; T for all T € E(X, u)
[11, Theorem 3.12].

Lemma 4.4. Let {S;}L, be a basis for E(X, u) with N < co. Then the following are
equivalent:

(D {S,-}ﬁ\; | Is an orthonormal basis for E&(X, u); and
2) {S,-}ﬁ\;1 is a Cuntz family that implements a on L™ (X, u).

Proor. For convenience, we write I € B(L*(X, u1)) also for the unit of L*(X, u). Since
{S,»}f\;] is a basis, we obtain [ = Zf\il Os.s, = S;iS;. Moreover, S; € E(X, u), and thus
S;a = a(a)S; for all a € L*(X, u). Hence,

N N
Z S:aS; = a(a) Z .S = ala).
i=1 i=1
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Conversely, if {Si}f\il is a Cuntz family, then (S;, S;) = ¢;;/ and Zfil S;:SF =1, since

a(l) =1 for the unit I € L*(X, w). If a(a) = f\il S;aS;, then S;a = a(a)S; for all
ae€ L¥(X,u), where i = 1,...,N. Thus we obtain S; € E(X, u). For T € &X, u), set

a; =(S;,T) =S;T. Then
N N
Z S,»a,- = Z S,S,*T = T,
i=1 i=1

and the proof is complete. O
Let {S1,...,Sx} be an orthonormal basis of E(X, i), and let the extension ag of «
be given by

N
as: BLAX, 1)) = BILHX, 1) : R — Z S:RS;.
i=1

We can then define the linear space
Hy :={T € B(L*(X, 1)) | TR = as(R)T for all R € B(L*(X, w))}.
It becomes a Hilbert space endowed with the inner product
(T\,T2) =TT, forallT,,T, € Hs.

Indeed, it is easy to check that (T, T») € B(L*(X, 1))’ = C. Moreover, it has dimension
N and the Cuntz family {Si}ﬁ\; | isin Hs. The proof is the same as in Remark 4.2 taking
into account that a5 (R)S; = S;R, forall R € B(L*(X, 1)). These results were established

by Laca [7].

ProposiTioN 4.5. Let {Si}Y | and {Qi}Y| be two orthonormal bases for E(X, p). Then

the following are equivalent:

(1)  the unitary U that induces a pairing of the bases is in My(C); and
(2) the extensions as and ag in B(L*(X, ) coincide.

Proor. For convenience, we write I € B(L*(X, 1)) also for the unit of L*(X, p).
(1) = (2): we compute

N

N
@R = )" QiRQ; = ) Si(S;, OIR(Qi, SIS}

i=1 i,jk=1

N N
= ) SiR D (S; QX0 SOS

kj=1 i=1

N
SiRS;kS; = ) SkRS} = as(R),
1 k=1

=
<
Il

'MZ

since Zfil(Sj, 0:iXQ;, Sy is the (j, k)-entry of UU* = I, and the entry (S;, Q;) of U is
in C.
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(2) = (1): if @p = ay, then by definition Hs = H. Thus,
S;OR =S ag(R)Ok = S as(R)Ok = RS; Ok
for all R € B(L*(X, 1)), and hence STOc € B(L*(X,u)) =C. O

As a consequence, we have a complete invariant for the multiplicity n crossed
products on L*(X, i) [12]. Recall that, given a *-endomorphism a: A — A of a C*-
algebra A, the multiplicity n crossed product A X!, N is the enveloping C*-algebra
generated by 7(A) and a Toeplitz—Cuntz family {Q;}!_, such that x is a nondegenerate
representation of A and n(a(a)) = }i_, Qin(a)Q;, for all a € A. When « is unital,
nondegeneracy of  is redundant and {Q;}!" | can be considered to be a Cuntz family [6,
Section 3 and Proposition 3.1]. In [6, Subsection 3.3] we introduced the semicrossed
product A X, 7, as the noninvolutive subalgebra of A X N generated by n(A) and
{0,

COROLLARY 4.6. Let @ be a unital weak*-continuous isometric endomorphism of
L*(X, n) and suppose that there is a representation (id, {S;}?_,) of Stacey’s crossed
product L(X, p) X" N on L*(X, p). Then the following are equivalent:

(1) LX) xi N~ LYX, ) X2 N via a x-isomorphism that fixes L*(X, )

elementwise;
(2)  there is a representation (id,{Q;}",) of L™ (X, u) Xi N acting on L*(X, p);
(3) n=m; and

4) LX) Xo T,7 = L®(X, p) Xo T, via a completely isometric isomorphism that
fixes L™ (X, 1) elementwise.

Proor. The fact that « is an isometric endomorphism of a C*-algebra implies that it is
a #-homomorphism of the C*-algebra L (X, i) and the multiplicity n crossed products
are well defined. The implication (3) = (4) is immediate.

(4) = (1): by [6, Theorem 3.13] the C*-algebra L= (X, u) X!, N is the C*-envelope of
L®(X, (1) Xo 7,7, and thus the completely isometric isomorphism of (4) extends to a
x-isomorphism of the corresponding C*-algebras.

(1) = (2): if @ is the *-isomorphism, let Q; := O(S;).

(2) = (3): let (id, {S;}"_)) and (id, {Q;}"|) be two such representations. Then « is
implemented by {S;}!_, and {Q;}?" |, and thus they define a basis for &(X, u). Therefore

n = m, by Remark 4.3. m]

5. Existence of a transfer operator
c
In general, the mapping C(X) > f 5 foge LA(X,u) may not extend to an operator
on the Hilbert space L*(X, u). However, if
collélla < IC,ElL < ciliéll,  for all & € L*(X, p),

then C, is an injective operator in B(L*(X, 1)), and ¢! preserves the null sets. The
map w is called ¢-bounded if there is a constant K > 0 such that u(¢(E)) < Ku(E), for
all measurable sets £ C X. In this case, ¢ also preserves the y-null sets.
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Under these assumptions let C, = S ,a,, be the polar decomposition of C,. Then S,
is an isometry and a,, is invertible. We can check that, by definition, C,a = a(a)C,
for all a € L*(X, u), and hence C, € &(X, ). Therefore, afo = C;’;C(p e L™(X, ), so
a, € L*(X, ). Consequently, the isometry S, = Cwa; is also in &(X, u) and the
mapping
L LX) —> L®°X,u):a— S;aSw

defines a transfer operator of «: that is, L is positive and a £(b) = L(a(a)b), for all
a,b € L= (X, u). Following Exel [3], let the semi-inner-product on the L* (X, y)-module
L™ (X, u) s be given by

,&r=L0'8, and ¢-a=Eala),
forall n,&,a € L™(X, ).

ProposiTioN 5.1. Assume that p is p-bounded and that C,, is a bounded below operator
of B(LX(X, ). Then L*(X, i), is a Hilbert module over L*(X, i) and, as a vector
space, it coincides with L™ (X, ).

Proor. It suffices to show that the norm || - || on the module L*(X, i) is equivalent
to the norm || - || of L=(X, w).

First, we show that there is a constant M such that [lal| < M||aS .|| for every
a € L>(X,u). Since ||aS¢||2 = |a|S</,||2 and |lal| = ||]al ||, it is enough to show that
the relation |lal| < M||aS ,|| holds for all positive a in the norm-dense subspace of
simple functions. To this end, let a = 37| dixE,, where the sets E; are disjoint and
of positive measure, and dy > d, > --- > d, > 0. Hence ||la|| = d;. To compute the
norm [|aS || we let a act on unit vectors in the range of C,; equivalently with unit
vectors in the range of S,. Let E = E; and & = pu(¢™ ' (¢(E)) ™" ?x p-1(oey. Then ¢
is a unit vector in the range of S,. Also, the assumptions on S, and u imply that
we™ (@(E))) < ciu(p(E)) < ciKu(E). Therefore,

llaS II* > llagll5 = f a?|é* du > f 2y elé? du

H(E) 2>12

wedt = e = A

"y (<p(E))) f

Since ||al| = d;, we have that ||aS .|| > (1/c; \/f)“all on a norm-dense subspace.
The above inequality gives the equivalence of the norms || - ||z and || - ||. Indeed,

1
Sl < alS oI = IS GlaPS oll = L@ )
= llaliz = IS ya"aS ol < lla"all = llal?,

where we have used the fact that S, is an isometry. The proof is now complete. O

The following theorem is the analogue of [1, Theorem 5.2].
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TheorREM 5.2. Assume that u is ¢-bounded and that C,, is a bounded below operator of
B(L*(X, 1)). Then the following are equivalent:

(1) {fi}f\il is an orthonormal basis for the Hilbert module L™ (X, ) z;
2) {&S w}f\i | Is an orthonormal basis for the Hilbert module &(X, p); and
3) {&S w}N is a Cuntz family that implements a.

i=1
Proor. It will be convenient to denote S; := ;S ,. Note that, by definition, S; € E(X, )
and recall that the equivalence (2) & (3) is Lemma 4.4. We write I € B(L*(X, u)) also
for the unit of L*(X, ). The constant function of L*(X, 1) will be denoted by 1.

(1) = (3): First we have that the S; have orthogonal ranges, since

SiSj =S, €S, = LIEE) =€) = 6ijl.

Recall that the constant function 1: X — Cis a separating vectorand C,(1) =1o0¢ =1.
Therefore,

SiaSi (1) = $;aS; Cp(1) = &S paS L&/ pa,(1)

a(a)é;S p L& ala,))(1) = a(a)é;a(L(E alay)))S ,(1)
foralli=1,...,N. Since {g,»}jil defines a basis of L™(X, u)r, it then follows that
a=YN, & (Eayp =YY, &a(L(E a)) for all a € L*(X, u). Thus, we compute

N

N
Z SiaSi() = ) a(a)§ia( L& a(ay)S (1)
i=1

i=1

N
= ala) ), &a(L(E a@))S o1
i=1

= a(a)a(a,)S ,(1) = a(a)S ,a,(1) = a(a)Cy,(1) = ala)(1).

Since 1 is a separating vector, we see that {S,-}fi , implements a.
(3) = (1): Note that the functions &; are orthonormal, since

(€iéjrr = LEE) = Cpéi&iCp = SiSj = 651

To see that the {fi}fi , span L (X, p) r, choose an element a € L™(X, u) with (&§;,a), =0
for all i. Then we obtain

N N
@S,y =Sga"- > SiSi=Sga"- ) &S,58F
i=1

i=1
N N
= D (SaES ST = D (@St =0,
i=1 i=1

so that aS, = 0. Hence aC, = 0, and thus a(1) = aC,(1) = 0. Since 1 is a separating
vector, we obtain a = 0. O
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RemMark 5.3. Assume that ¢: X — X has N Borel sections as in Proposition 2.2. Then
the N isometries S; of Proposition 2.2 can be written as

Si = My, M, Coay = My, Mya(ag)Cyp = My, My Moy Co,

where u; are as in Proposition 2.1 for = ¢; and a, = M), € L*(X, u). Therefore, the
elements &; = My, My, Mo, € L™ (X, pn) define a basis for L™ (X, u) r.

There is a converse of this scheme that works at the level of *-homomorphisms.
We would like to thank Philip Gipson for bringing this to our attention. If there is
a Cuntz family {Si}ﬁi , in B(L*(X, 1)) that implements a, then S;aS; € L*(X, u) for all
i=1,...,N. This follows because L (X, u) is a MASA, S;b = a(b)S; and

SiaS; - b= Sfa(b)aS; =b- S;aS; forall b e L™ (X, ).

Furthermore, S;S; commutes with every a € L*(X, i), so the s-homomorphisms
Bit L(X, pn) — L™(X, w), given by B;(a) = SfaS;, are N left inverses for a.
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